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Interpretation and Semantics of Propositional Formulas

Interpretation

Interpretation

An interpretation of a propositional formula is an assignment of truth value for
that formula. The formula can be a compound proposition. For an atomic
proposition, an interpretation is simply a mapping from a propositional variable to
its truth. We denote the interpretation with following symbol: Z, 7y, 75, . ...
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Interpretation

An interpretation of a propositional formula is an assignment of truth value for
that formula. The formula can be a compound proposition. For an atomic
proposition, an interpretation is simply a mapping from a propositional variable to
its truth. We denote the interpretation with following symbol: Z, 7y, 75, . ...

@ 7 (p) = T means p is interpreted to true by interpretation 7
e Z(q) = F means
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Interpretation and Semantics of Propositional Formulas

Interpretation of Compound Propositions

@ An interpretation of a proposition can be obtained simply from the
assignment of truth value of all atomic variables occur in that proposition.

@ The truth of a compound proposition can be determined from the truth of its
constituent atomic propositions.

o For a complex formula, interpretation (also called semantics) is determined
by observing the interpretation of all subformulas occur in that formula.
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Interpretation and Semantics of Propositional Formulas

Semantics Rules for Propositional Formulas

Semantics Rules for Propositional Formulas

Let A be a proposition and Z is an interpretation defined for each propositional

atom occurs in A. The interpretation of A with respect to Z is defined recursively
as follows:

o If A =p (an atomic proposition), then Z (A) = Z (p), and its truth value is
equal to the truth value of p.

o If A=T,thenZ(A)=ZI(T)=
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Let A be a proposition and Z is an interpretation defined for each propositional

atom occurs in A. The interpretation of A with respect to Z is defined recursively
as follows:

o If A =p (an atomic proposition), then Z (A) = Z (p), and its truth value is
equal to the truth value of p.
o If A=T, thenZ(A)=Z(T)=T. Also, if A=F, thenZ(A)=Z(F)=
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Let A be a proposition and Z is an interpretation defined for each propositional
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Interpretation and Semantics of Propositional Formulas

o If A= B @& C, for some formulas B and C, then
I(A)=
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Interpretation and Semantics of Propositional Formulas

o If A= B @& C, for some formulas B and C, then
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Interpretation and Semantics of Propositional Formulas

o If A= B @& C, for some formulas B and C, then
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Interpretation and Semantics of Propositional Formulas
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Interpretation and Semantics of Propositional Formulas

Example

Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:

T(4) =
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Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
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Interpretation and Semantics of Propositional Formulas

Example
Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:
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— T(pAg) —I(r)
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Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
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Example

Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
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Interpretation and Semantics of Propositional Formulas

Example

Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:
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Interpretation and Semantics of Propositional Formulas

Example

Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:

I(A) = I(pnrg—r)

(Z(p) A ())—>I(T‘)
(FAT)—-F=F—->F=T.
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Example

Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:

I(A) = I(pnrg—r)

(Z(p) A ())—>I(T‘)
(FAT)—-F=F—->F=T.

This interpretation can also be determined as follows:
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Suppose A is the formula p A ¢ — r and Z is an interpretation defined as:
I(p)=F,Z(q) =T, and Z(r)=F. The interpretation of A under Z, i.e., Z (A)
is determined as follows:

I(A) = I(pnrg—r)

(Z(p) A ())—>I(T‘)
(FAT)—-F=F—->F=T.

This interpretation can also be determined as follows:

I(pAhgq—1)= Z(P)ANZ(9)—Z(r)=(FAT)—>F=F—->F=T.
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Interpretation and Semantics of Propositional Formulas

Exercise

Suppose Z and J are two interpretations defined for atomic propositions as
follows: Z(p)=T,Z(¢q)=F,Z(r)=F, J(p)=F, J(q) =F, T(r)=T.
Determine the interpretation of p — ¢V r and (p — ¢q) V (p — r) under Z and J.

Solution:
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Suppose Z and J are two interpretations defined for atomic propositions as
follows: Z(p) =T, Z(q)=F,Z(r)=F, J(p)=F, T (q)=F, J(r)="T.
Determine the interpretation of p — ¢V r and (p — ¢q) V (p — r) under Z and J.
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Interpretation and Truth Table

A single line in a truth table corresponds to an interpretation of a proposition.

Suppose A is the formula (pV =q) — (p A q), the truth table of A can be
obtained as follows:

Interpretation | Zi (~q) | T pV ~q) | T (pAq) | Ti (A)
Li(p=T.T1(q)=T |
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Interpretation and Truth Table
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A single line in a truth table corresponds to an interpretation of a proposition.

Suppose A is the formula (pV =q) — (p A q), the truth table of A can be
obtained as follows:
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Interpretation and Semantics of Propositional Formulas

Interpretation and Truth Table
A single line in a truth table corresponds to an interpretation of a proposition.

Suppose A is the formula (pV =q) — (p A q), the truth table of A can be
obtained as follows:

Interpretation | T (—q) | Z (pV —q) | T (pAq) | Ti (A)
( )=T,Z(q)=F | T T F F
To(p)=F, T3(¢)=T | F F F T
T(p)=F T(q)=F | T T F F

where k =1,2,3,4.

Problem
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Interpretation and Semantics of Propositional Formulas

Interpretation and Truth Table
A single line in a truth table corresponds to an interpretation of a proposition.

Suppose A is the formula (pV =q) — (p A q), the truth table of A can be
obtained as follows:

Interpretation | T (—q) | Z (pV —q) | T (pAq) | Ti (A)
( )=T,Z(q)=F | T T F F
To(p)=F, T3(¢)=T | F F F T
T(p)=F T(q)=F | T T F F

where k =1,2,3,4.

Problem
How many lines are there in a truth table for verifying the truth of proposition with

@ 3 different atomic propositions;
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Validity, Satisfiability, and Contradiction

Definition
Let A be a propositional formula:
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Validity, Satisfiability, and Contradiction

Definition
Let A be a propositional formula:

Q A is valid iff A is always true (T) for every interpretation applied to A. In
this case, A is also called a tautology.
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Validity, Satisfiability, and Contradiction

Definition
Let A be a propositional formula:

Q A is valid iff A is always true (T) for every interpretation applied to A. In
this case, A is also called a tautology.

Q A is satisfiable iff there exists at least one interpretation Z which makes A is
true (T).
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Validity, Satisfiability, and Contradiction

Definition
Let A be a propositional formula:

Q A is valid iff A is always true (T) for every interpretation applied to A. In
this case, A is also called a tautology.

Q A is satisfiable iff there exists at least one interpretation Z which makes A is
true (T).

@ A is contradictory/ unsatisfiable iff A is always false (F) for every
interpretation applied to A. In this case, A is also called a contradiction.

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 13 /43



Validity, Satisfiability, and Contradiction

Definition
Let A be a propositional formula:

Q A is valid iff A is always true (T) for every interpretation applied to A. In
this case, A is also called a tautology.

Q A is satisfiable iff there exists at least one interpretation Z which makes A is
true (T).

@ A is contradictory/ unsatisfiable iff A is always false (F) for every
interpretation applied to A. In this case, A is also called a contradiction.

@ A is a contingency iff A is neither valid nor contradictory.
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Propositional Formulas Based on Their Semantics

Consistent Set of Formulas

Suppose {A1, As, ..., A,} is a collection of formulas. The set {4, Aa,..., A, }
is consistent or mutually satisfiable if there exists an interpretation Z such that

T(A) =T (Ag) = =T(A,)=T.
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Propositional Formulas Based on Their Semantics

Consistent Set of Formulas

Suppose {A1, As, ..., A,} is a collection of formulas. The set {4, Aa,..., A, }
is consistent or mutually satisfiable if there exists an interpretation Z such that

T(A) =T (Ag) = =T(A,)=T.

The stipulation that {A, As, ..., A,} is consistent is equivalent to the condition

that the conjunction
A NAs N -~ NA,

is satisfiable.
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Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution:
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Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that

pla|q|p®qg|lpd-ql|A
T|T|
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Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
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Propositional Formulas Based on Their Semantics

Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or

contradictory.

Solution: using truth table, consider that

| g | p®q | p®—q |

pla
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Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Propositional Formulas Based on Their Semantics

Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Propositional Formulas Based on Their Semantics

Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Propositional Formulas Based on Their Semantics

Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Since there exists an interpretation which makes A is true, then
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Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that

pla|q|p®qg|lpdql|A
TIT|F| F T | T
TIF|T| T F | T
FlT|F | T F |T
FIF|T| F T |T

Since there exists an interpretation which makes A is true, then A is satisfiable.
Since every interpretation applied to A makes A is true, then A is valid.
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Example of Validity, Satisfiability, and Contradictory (1)

Exercise

Verify whether formula A defined as (p & q) V (p @ —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that

pla|q|p®qg|lpdql|A
TIT|F| F T | T
TIF|T| T F | T
FlT|F | T F |T
FIF|T| F T |T

Since there exists an interpretation which makes A is true, then A is satisfiable.
Since every interpretation applied to A makes A is true, then A is valid.
Obviously, A is not a contradiction.
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Example of Validity, Satisfiability, and Contradictory (2)

Exercise

Verify whether formula A defined as (p V q) A (—p A —q) is valid, satisfiable, or
contradictory.

Solution:
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Example of Validity, Satisfiability, and Contradictory (2)

Exercise

Verify whether formula A defined as (p V q) A (—p A —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that
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Since every interpretation applied to A makes A is false, then A is a contradiction.
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Example of Validity, Satisfiability, and Contradictory (2)

Exercise

Verify whether formula A defined as (p V q) A (—p A —q) is valid, satisfiable, or
contradictory.

Solution: using truth table, consider that

pla|l-p|-q|lpVve| pr-q| A
T|T|F | F | T F F
TIF|F|T| T F F
FIT| T|F| T F F
FIF|T|T| F T F

Since every interpretation applied to A makes A is false, then A is a contradiction.
Obviously, A is not satisfiable, let alone valid.
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Propositional Formulas Based on Their Semantics

Exercise
Verify whether formula A defined as (p V q) A — is satisfiable. Is A valid? Is A a
contradiction? Is A a contingency?

Solution:

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 17 / 43



Propositional Formulas Based on Their Semantics

Exercise
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Verify whether formula A defined as (p V q) A — is satisfiable. Is A valid? Is A a
contradiction? Is A a contingency?

Solution:
@ Observe thatforZ (p) =Z (¢) =T and Z(r) =F, thenZ((pV ¢) A—r) =T.
@ Since there is an interpretation which makes A is true, then A is satisfiable.
@ Observe thatforZ (p) =Z (¢) =FandZ(r) =T, thenZ((pVq) A-r)=F.
@ Since there is an interpretation which makes A is false, then A is not valid.
@ Since A is satisfiable, then A is not a contradiction.
@ Since A is neither valid nor contradictory, then A is a contingency.
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Propositional Formulas Based on Their Semantics

Remark

In order to determine whether a formula A is satisfiable or not, we do not always
need to write down its truth table.

Problem

Is every valid formula also satisfiable?
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Proving Validity Without Truth Table (Supplementary)

Problem

Given a formula A:==(pAgATASs)— (=pV =gV —rV -s), to determine
whether A is valid, do we need to construct its truth table?
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Proving Validity Without Truth Table (Supplementary)

Problem

Given a formula A:==(pAgATASs)— (=pV =gV —rV -s), to determine
whether A is valid, do we need to construct its truth table?

@ Truth table method is not always efficient. The above formula A requires
2% = 16 rows in its truth table.

@ We can prove the validity of a formula using falsification or contradiction
method.

@ In this method, we first assume that the formula is not valid, and then we try
to derive that this assumption leads to contradictory statements (and
therefore, our previous assumption is false).
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Propositional Formulas Based on Their Semantics

Example
We want to prove that (—pV —q) — = (p A q) is valid by contradiction method.
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@ Suppose that (—p V —q) — = (p A q) is not valid, then there exists an
interpretation Z such that Z ((—=pV —q) — = (pAq)) =F.

@ For convenience, we write A := —pV —q and B := = (p A q). Our formula
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that Z(p) =T and Z (¢) = T.
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Propositional Formulas Based on Their Semantics

Exercise
Show that (p — ¢) < (—p V q) is valid without using its truth table.

Solution:
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Propositional Formulas Based on Their Semantics

Exercise
Show that (p — ¢) < (—p V q) is valid without using its truth table.

Solution:
Suppose that (p — ¢) < (—p V q) is not valid, then there exists an interpretation
Z suchthat Z((p — q) < (-pVq)) =F.

To shorten, we write A :=p — ¢q and B := —p V q. Our formula can be rewritten
as A — B.

Recall that Z (A < B) = F precisely when Z (A) # Z (B), hence we have two
possibilities, i.e., Z(A) =T and Z(B) =F, or
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Propositional Formulas Based on Their Semantics

Exercise
Show that (p — ¢) < (—p V q) is valid without using its truth table.

Solution:
Suppose that (p — ¢) < (—p V q) is not valid, then there exists an interpretation
Z suchthat Z((p — q) < (-pVq)) =F.

To shorten, we write A :=p — ¢q and B := —p V q. Our formula can be rewritten
as A — B.

Recall that Z (A < B) = F precisely when Z (A) # Z (B), hence we have two
possibilities, i.e.,, Z(A) =T and Z(B) =F, or Z(A)=F and Z(B) =T.
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Propositional Formulas Based on Their Semantics

Exercise
Show that (p — ¢) < (—p V q) is valid without using its truth table.

Solution:
Suppose that (p — ¢) < (—p V q) is not valid, then there exists an interpretation
Z suchthat Z((p — q) < (-pVq)) =F.

To shorten, we write A :=p — ¢q and B := —p V q. Our formula can be rewritten
as A — B.

Recall that Z (A < B) = F precisely when Z (A) # Z (B), hence we have two
possibilities, i.e.,, Z(A) =T and Z(B) =F, or Z(A)=F and Z(B) =T.

For convenience, we write these conditions as Z; (A) = T and Z; (B) = F, and
IQ (A) =F and Ig (B) =T.

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 21/ 43



Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.
Q FromZy (B) =17 (-pV q) = F we get 7, (—p) =
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For Z7, we have Z; (A) =T and 77 (B) =F.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
Iy (p) =
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) =
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.
@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.
Q FromZy (A) =T (p — q) = F we get o (p) =
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.
Q FromZy (A)=Zo(p — q) =F we get Iy (p) = T and I (q) =

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 22 /43



Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.
For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
1-2 (—|p) =
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.
For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
75 (—=p) = F. From this result we obtain Zy (—-p V ¢) =

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 22 /43



Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.
For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
Z5 (—p) = F. From this result we obtain Zy (-p V ¢) = F.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
Z5 (—p) = F. From this result we obtain Zy (-p V ¢) = F.

@ This result contradicts the previous fact that Zo (B) = Z3 (—p V q) = T for
Ts.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
Z5 (—p) = F. From this result we obtain Zy (-p V ¢) = F.

@ This result contradicts the previous fact that Zo (B) = Z3 (—p V q) = T for
Ts.

As a result, there is no interpretation Z that makes Z ((p — ¢) < (-pV q)) =F.
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Propositional Formulas Based on Their Semantics

For Z7, we have Z; (A) =T and 77 (B) =F.

Q FromZ; (B) =17, (-pV q) = F we get 7, (-p) =7; (¢) = F, and thus
7y (p) = T. From this result we obtain Z; (p — ¢) = F.

@ This result contradicts the previous fact that Z; (A) = Z; (p — ¢q) = T for Z;.

For Z,, we have 7, (A) = F and 7, (B) = T.

Q FromZy (A) =Ty (p — q) = F we get Zo (p) = T and Z5 (¢) = F, and thus
Z5 (—p) = F. From this result we obtain Zy (-p V ¢) = F.

@ This result contradicts the previous fact that Zo (B) = Z3 (—p V q) = T for
Ts.

As a result, there is no interpretation Z that makes Z ((p — ¢) < (-pV q)) =F.
Consequently, the formula (p — ¢) < (—p V q) is valid.
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Propositional Formulas Based on Their Semantics

Exercise
Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its

truth table.

Solution:

September-October 2023 23 /43

MZI (SoC Tel-U) Propositional Logic 2



Propositional Formulas Based on Their Semantics

Exercise
Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:
Suppose that = (p Ag AT As) — (-pV gV —rV —s) is not valid,
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(—(pAgATAs)— (-pV gV -rV-s)) =
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—pV-qV-rV-s).
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
I(A—B)=F
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z(A) =T and T (B) =
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:

Q@ I(B)=Z(—pV—-qV-rV-s)=
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:
Q@ I(B)=Z(—pV-qV-rV-s)=F, therefore
Z(p)=T(~q) =Z(-r)=T(~s) =
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:

Q@ I(B)=Z(—pV-qV-rV-s)=F, therefore
=7Z(—~q)=Z(—r)=7Z(—s)=F, and hence
I(g)=Z(r)=1(s)=
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:

Q@ I(B)=Z(—pV-qV-rV-s)=F, therefore
I(—p)=Z(~q)=ZI(-r)=7Z(-s)=F, and hence
I(p)=Z(=I(r)=I(s)=T.

Q From step (1), we obtain Z(p AgA T As)=
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:
I(B)=Z(—pV-qV-rV-s)=F, therefore
I(—p)=Z(~q)=ZI(-r)=7Z(-s)=F, and hence
I(p)=I(@=1(r)=I(s)=T.
@ From step (1), we obtain Z(p AgAr As)=T, and thus
T(A)=T(=(prgNTNs))=
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:

Q@ I(B)=Z(—pV-qV-rV-s)=F, therefore
I(—p)=Z(~q)=ZI(-r)=7Z(-s)=F, and hence
I(p)=I(@=1(r)=I(s)=T.

@ From
Z(4)

tep (1), we obtain Z (p A g /\r/\s) =T, and thus
I(-~(pAgATAs)=F

U)
I
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Propositional Formulas Based on Their Semantics

Exercise

Show that = (p AgA T As)— (mpV =gV —rV=s) is valid without using its
truth table.

Solution:

Suppose that = (p Ag AT As) — (-pV gV —rV -s) is not valid, then there
exists an interpretation Z such that

I(=(pAgATrAs)— (-pV-oqV-rVa-as))=F.

For brevity, we write A:=—=(pAgArAs)and B:=(—-pV gV -rV-s). Since
T (A — B) =F precisely when Z (A) =T and Z (B) = F, our assumption gives
us:

Q@ I(B)=Z(—pV~-qV-rV-s)=TF, therefore
I(—p)=Z(~q)=ZI(-r)=7Z(-s)=F, and hence
I(p)=I(q)=Z(r)=Z(s)=T.

@ From step (1), we obtain Z(p Ag AT As)="T, and thus
IT(A)=Z(—~(pAgATASs))=F.

@ The result in step (2) contradicts our previous supposition that Z (4) = T.
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Propositional Formulas Based on Their Semantics

As a result, there is no interpretation 7 satisfying
I(=(pAgATAs)— (-pV-oqV-rV-as)) =F.

Therefore = (p AgAT As) — (-pV gV —rV-s) is valid.
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Propositional Formulas Based on Their Semantics

Exercise
Determine whether each of these formulas is valid, satisfiable, a contradiction, or
a contingency.
Q@ (p—ogVp—r)eo(P—gAT)
Q@ (pAgV-T) = (=(peT)A0q)
Q ((PADA(r—=p)A(r—5)A(s— 1)) =t
Q@ ((pP=DA(p—=r)A(r—s)) = (g —s)
Q@ (p—=aA(r—s)A(p—s)) = (r—q)
Qpdg— (A=) V(-pAQ)
Qpdg—(PVOA(PA—Q)
Qpdg——(p—q)
Q@ (peog = (A-g)V(PAQ)
@ PVOAN(pA—g) = (pPA-G)V (- AQ)
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Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q Ay :=pV-p

Q@ Ay :=qV—q
Q@ A3:=(p—=qV-(p—q)
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Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q Ay :=pV-p
Q Ay:=qV—q
Q@ A=p—qgV-(p—0

Observe that each of these formulas have a “similar” structure.
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Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q Ay :=pV-p
Q Ay:=qV—q
Q@ A=p—qgV-(p—0

Observe that each of these formulas have a “similar” structure.

In order to not prove each formula individually, we can investigate the formula
schema AV —A instead.

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 27 /43



. Equivalence

Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q Ay :=pV-p
Q Ay:=qV—q
Q@ A=p—qgV-(p—0

Observe that each of these formulas have a “similar” structure.

In order to not prove each formula individually, we can investigate the formula
schema AV —A instead.

In Ay, we have p as formula A, in As we have ¢ as formula A, and in A3 we have
p — q as formula A.
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. Equivalence

Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q A :=pV-p
Q Ay :=qV—q
Q@ Ay:=(p—qV-(p—0q

Observe that each of these formulas have a “similar” structure.

In order to not prove each formula individually, we can investigate the formula
schema AV —A instead.

In Ay, we have p as formula A, in As we have ¢ as formula A, and in A3 we have
p — q as formula A.

Formula Ay, As, and A3 which are obtained from replacing formula A with
particular concrete formula are called as instances of formula schema AV —A.
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——————————————— T
Formula Schema (Supplementary)

Using truth tables, we can prove that each of these formulas is valid:
Q A :=pV-p
Q Ay :=qV—q
Q@ Ay:=(p—qV-(p—0q

Observe that each of these formulas have a “similar” structure.

In order to not prove each formula individually, we can investigate the formula
schema AV —A instead.

In Ay, we have p as formula A, in As we have ¢ as formula A, and in A3 we have
p — q as formula A.

Formula Ay, As, and A3 which are obtained from replacing formula A with
particular concrete formula are called as instances of formula schema AV —A.

If formula schema AV —A is valid, then every instance of this formula schema is

valid as well.
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. Equivalence

Exercise
Show that following formulas are valid:

QO ~(pNg)—-pV—q
Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).

Solution:
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. Equivalence

Exercise
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Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).

Solution:
Observe that each of these formulas can be considered as formulas with identical

schema, that is,
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Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).
Solution:
Observe that each of these formulas can be considered as formulas with identical

schema, that is, = (A A B) — = AV =B. For the first formula, A = p and B = ¢,
for the second formula A =
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Observe that each of these formulas can be considered as formulas with identical
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QO ~(pNg)—-pV—q
Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).

Solution:

Observe that each of these formulas can be considered as formulas with identical
schema, that is, = (A A B) — = AV =B. For the first formula, A = p and B = ¢,
for the second formula A =p A q and B =r A s, and for the last formula
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Exercise
Show that following formulas are valid:

QO ~(pNg)—-pV—q
Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).

Solution:

Observe that each of these formulas can be considered as formulas with identical
schema, that is, = (A A B) — = AV =B. For the first formula, A = p and B = ¢,
for the second formula A =p A q and B =r A s, and for the last formula
A=pAgArand B=sAtAu.
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. Equivalence

Exercise
Show that following formulas are valid:

QO ~(pNg)—-pV—q
Q@ ~(pAgATAS) = (pAg) V- (rAs)
Q@ “(PAGATASAEAYW) = 2 (PAGAT)V = (sATAW).

Solution:

Observe that each of these formulas can be considered as formulas with identical
schema, that is, = (A A B) — = AV =B. For the first formula, A = p and B = ¢,
for the second formula A =p A q and B =r A s, and for the last formula
A=pAgArand B=sAtAu.

Accordingly, to prove that each of these formulas is valid, it is sufficient to prove

that formula schema = (A A B) — = AV =B is valid. The prove can be carried
out using contradiction method.
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (= (AA B) — ~AV -B) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (-~ (A A B)) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AA B)) =T and Z(-AV —-B) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7

such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.

@ From Z (A V —-B) =F we obtain
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.
@ From Z (-AV -B) =F we obtain Z (-A) =7 (-B) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.
@ From Z (-AV —-B) =F we obtain Z (—A) =Z (-B) =F, and so
I(A)=1(B)=
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.

@ From Z (-AV —-B) =F we obtain Z (—A) =Z (-B) =F, and so
I(A)=I(B)=T.

@ From step (3) we obtain Z (A A B) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.

@ From Z (-AV —-B) =F we obtain Z (—A) =Z (-B) =F, and so
I(A)=I(B)=T.

@ From step (3) we obtain Z(AAB) =T, hence Z(—(AAB)) =
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.

@ From Z (-AV —-B) =F we obtain Z (—A) =Z (-B) =F, and so
I(A)=I(B)=T.

@ From step (3) we obtain Z(AA B) =T, hence Z(—(AAB))=F.
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. Equivalence

@ Suppose = (A A B) — —AV =B is not valid, then there is an interpretation 7
such that Z (- (AAB) — -AV -B) =F.

@ As a consequence, we obtain Z (- (AAB))=Tand Z(-AV-B)=F.

@ From Z (-AV —-B) =F we obtain Z (—A) =Z (-B) =F, and so
I(A)=I(B)=T.

@ From step (3) we obtain Z(AA B) =T, hence Z(—(AA B))=F. This
result contradicts to Z (= (A A B)) = T in step (2).
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. Equivalence

Suppose = (A A B) — AV =B is not valid, then there is an interpretation Z
such that Z (- (AAB) — -AV -B) =F.

As a consequence, we obtain Z (- (AAB)) =T and Z(-AV -B)=F.
From Z (—=AV —B) = F we obtain Z (—wA) =Z (-B) = F, and so
I(A)=I(B)=T.

From step (3) we obtain Z(AA B) =T, hence Z(—~(AA B)) =F. This
result contradicts to Z (= (A A B)) = T in step (2).

Therefore, there is no interpretation Z such that
I(-(AANB)— —-AV-B)=F.
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. Equivalence

Suppose = (A A B) — AV =B is not valid, then there is an interpretation Z
such that Z (- (AAB) — -AV -B) =F.

As a consequence, we obtain Z (- (AAB)) =T and Z(-AV -B)=F.
From Z (—=AV —B) = F we obtain Z (—wA) =Z (-B) = F, and so
I(A)=I(B)=T.

From step (3) we obtain Z(AA B) =T, hence Z(—~(AA B)) =F. This
result contradicts to Z (= (A A B)) = T in step (2).

Therefore, there is no interpretation Z such that
I(-(AANB)— —-AV-B)=F.

@ As a conclusion the formula schema = (A A B) — —AV =B is valid.

© © 00 ©
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. Equivalence

Logical Consequence and Logical Equivalence

Definition
Suppose A and B are two propositional formulas.
Formula A and B are (logically) equivalent if the formula

A+~ B

is a tautology. In this condition, we write A = B or A & B.
Formula B is said to be the (logical) consequence of A if the formula

A— B

is a tautology. In this condition, we write A = B.

To verify a logical consequence or a logical equivalence of two formulas, we can
use:

@ truth table

o laws of logical equivalences
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. Equivalence

Example of Logical Consequence (1)

Exercise
Show that ((p — ¢) Ap) = q.

Solution:
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Example of Logical Consequence (1)

Exercise
Show that ((p — q) Ap) = q.

Solution: we will show that ((p — ¢) A p) — ¢ is a tautology by its truth table,
observe that

p qlp—=aq|l—=arp | (pP—=aArp)—q
T T |
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Example of Logical Consequence (1)
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Show that ((p — q) Ap) = q.

Solution: we will show that ((p — ¢) A p) — ¢ is a tautology by its truth table,
observe that

p qlp—=q|l—=arp | (p—=aAp)—q
T T T T T
T F| F F T
F T| T F T
F F| T F T
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Example of Logical Consequence (1)

Exercise
Show that ((p — q) Ap) = q.

Solution: we will show that ((p — ¢) A p) — ¢ is a tautology by its truth table,
observe that

p qlp—=q|l—=arp | (p—=aAp)—q
T T T T T
T F| F F T
F T| T F T
F F| T F T

The logical consequence ((p — ¢) A p) = ¢ is also known as modus ponens (we'll
get back to this in the rule of inferences section).
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. Equivalence

Example of Logical Consequence (2)

Exercise
Show that ((p — ¢) A ~q) = —p.

Solution:

MZI (SoC Tel-U) Propositional Logic 2 September-October 2023 32 /43



Example of Logical Consequence (2)

Exercise
Show that ((p — ¢) A —¢) = —p.

Solution: we will show that ((p — ¢) A —~¢) — —p is a tautology by its truth table,
observe that

p q|lv|alp—=aq|ll—=ar-q]| (p—=aA-qg) —p
T T |
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. Equivalence

Example of Logical Consequence (2)

Exercise
Show that ((p — ¢) A —¢) = —p.

Solution: we will show that ((p — ¢) A —~¢) — —p is a tautology by its truth table,

observe that
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T T|F | F | T F T
T F|F|T| F F T
F T|T|F| T F T
F FlT|T| T T T
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Example of Logical Consequence (2)

Exercise
Show that ((p — ¢) A —¢) = —p.

Solution: we will show that ((p — ¢) A —~¢) — —p is a tautology by its truth table,

observe that

The logical consequence ((p — ¢) A —¢) = —p is also known as modus tollens
(we'll get back to this in the rule of inferences section).

MZI (SoC Tel-U) Propositional Logic 2

p gl p|l-qlp—qa|l@—ar-q]| ( A=q) = —p
T T|F | F | T F T
T F|F|T| F F T
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F F|T|T| T T T
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. Equivalence

Example of Logical Equivalence (1)

Exercise
Show that p — ¢ = —p V q.

Solution:
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Example of Logical Equivalence (1)

Exercise
Show that p — g = —p V q.

Solution: we will show that (p — q) < (—p V q) is a tautology by its truth table,
observe that

p q|wlp—aqa|-pvel] p—q9 < (pVae
T T|
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Example of Logical Equivalence (1)

Exercise
Show that p — g = —p V q.

Solution: we will show that (p — q) < (—p V q) is a tautology by its truth table,
observe that

p ql-p|lp—=aqa|-»Ve|] p—=q <= (-pVg
T T|F | T T T
T F|F| F F T
F T|T| T T T
F F|T| T T T
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Example of Logical Equivalence (1)

Exercise
Show that p — g = —p V q.

Solution: we will show that (p — q) < (—p V q) is a tautology by its truth table,
observe that

p q|wlp—aqa| Vel p—q9 < (pVae
T T|F | T T T
T F|F | F F T
F T|T| T T T
F F|T| T T T

Note that p — ¢ and —p V ¢ have identical truth value in every row of the above
truth table.
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. Equivalence

Example of Logical Equivalence (2)

Exercise
Show that = (p A q) = —pV —q.

Solution:
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Example of Logical Equivalence (2)

Exercise
Show that = (p A q) = —pV —q.

Solution: we will show that = (p A ¢) < —p V —q is a tautology by its truth table,
observe that

p q|-p|-q|prg]=(prg | pV-q| ~(pAg) < -pV-g
T T
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. Equivalence

Example of Logical Equivalence (2)

Exercise
Show that = (p A q) = —pV —q.

Solution: we will show that = (p A ¢) < —p V —q is a tautology by its truth table,
observe that

p q|-p|-q|prg|=(prg | pVq| ~(pAg) < -pVg
T T|F | F| T F F T
T F|F|T]| F T T T
F T|T|F| F T T T
F F|T|T]| F T T T
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. Equivalence

Example of Logical Equivalence (2)

Exercise
Show that = (p A q) = —pV —q.

Solution: we will show that = (p A ¢) < —p V —q is a tautology by its truth table,
observe that

p q|-p|-q|prg|=(prg | pVq| ~(pAg) < -pVg
T T|F | F| T F F T
T F|F|T]| F T T T
F T|T|F| F T T T
F F|T|T]| F T T T

Note that = (p A ¢) and —p V —¢q have identical truth value in every row of the
above truth table. The logical equivalence — (p A ¢) = —p V —q is also known as
De Morgan'’s law.
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Logical Equivalences Concerning —, A, and V

Identity laws

Domination laws

Idempotent laws

Double negation law

pAT=p

pVFE=0p

pvT=T

pAF=F

PVPp=Dp

PAP=Dp

~(p) =p
pPVqg=qVp
PAG=qAp

Commutative laws
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Laws of Logical Equivalences

(PA@ Ar=pA(gAT)
(pvVgVvr=pVigVvr)

Associative laws

pVgAT)={@VaA(pVr)
pAgVr)=@AgV(pAr)

Distributive laws

—(pAq)=-pVq
- (pVag)=-pA—q

De Morgan's laws

pV(pAg =p Absorption laws
pA(PVe =p
pV-p=T Negation laws

By associative laws, the parentheses in formulas (p A g) A7, p A (g A T),
(pVq)Vr, and pV (qVr) can be omitted and these formula can be rewritten
identically as p A ¢ A r (for conjunctive form) and p V g V r (for disjunctive form).
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Laws of Logical Equivalences

Logical Equivalences Concerning — and «

MZI (SoC Tel-U)

p—q=-pVg

“(p—q9) =pA—q

ANp—r)=p—(qAT)
ANg—r)=pAg —r
Vig—r)=(mVe —r
Vip—=r)=p—(qVr)

peqg=({p—qAN(g—Dp)

peq=-pe g

pe=qg=(@AqgV(=pA—q)
—(peog =pe g

Propositional Logic 2

September-October 2023
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Laws of Logical Equivalences

Proving Equivalence Using Laws of Equivalences (1)

Exercise

Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.

Solution:
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Laws of Logical Equivalences

Proving Equivalence Using Laws of Equivalences (1)

Exercise

Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.
Solution:

PAGg—T (pNq)—r (precedences of A and —)
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Proving Equivalence Using Laws of Equivalences (1)

Exercise
Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.
Solution:

PAGg—T (pNq)—r (precedences of A and —)

- (pAgq)Vr  (equivalence A — B=-AV B)
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Proving Equivalence Using Laws of Equivalences (1)

Exercise
Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.
Solution:

(pNq) —r (precedences of A and —)
- (pAgq)Vr  (equivalence A — B=-AV B)
(-pV -q)Vr (De Morgan's law)

pPAGg—T
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Proving Equivalence Using Laws of Equivalences (1)

Exercise

Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.
Solution:

(pNq) —r (precedences of A and —)

- (pAgq)Vr  (equivalence A — B=-AV B)
(-pV -q)Vr (De Morgan's law)

-pV (=g Vr) (associative law for V)

pPAGg—T
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Proving Equivalence Using Laws of Equivalences (1)

Exercise

Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.
Solution:

PAGg—T (pNq)—r (precedences of A and —)

- (pAgq)Vr  (equivalence A — B=-AV B)
(-pV -q)Vr (De Morgan's law)

-pV (=g Vr) (associative law for V)

-pV (¢ —r) (equivalence ~AV B=A — B)
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Proving Equivalence Using Laws of Equivalences (1)

Exercise

Show that p A ¢ — r = p — (¢ — r) using the laws of logical equivalences.

Solution:
pAg—1T = (PpAg —T (precedences of A and —)
= = (pAqg)Vr (equivalence A— B=-AV B)
= (-pV-g)Vvr (De Morgan's law)
= -pV(-qVr) (associative law for V)
= -pV(g—r) (equivalence ~AV B=A— B)
= (

p—(qg—r) equivalence ~AV B=A — B)

Equivalence of formula A — B = = AV B can be proven easily using
contradiction method of formula schema (A — B) < (=AV B).

The equivalence p A ¢ — 7 =p — (g — 1) is also known as exportation law.
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

-(pV(pAq) =
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

= (pV(=pAq) “pA=(—pAq) (De Morgan's law)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

—pA=(=pAq) (De Morgan's law)
“p A (= (=p) V—q) (De Morgan'’s law)

—(pV(=pAQq)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise
Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

—pA=(=pAq) (De Morgan's law)
“pA (= (=p) V) (De Morgan's law)
—pA(pV—q) (double negation law)

—(pV(=pAQq)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

“p A= (-pAq) (De Morgan's law)
—p A (= (=p) V —q) (De Morgan's law)
=p A (pV —q) (double negation law)
(—=p Ap)V (-pA—q) (distributive law)

—(pV(=pAQq)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

~(pV(=pAa) “pA=(=pAq) (De Morgan's law)
—p A (= (=p) V —q) (De Morgan's law)
=p A (pV —q) (double negation law)
(—=p Ap)V (-pA—q) (distributive law)

FV (—pA-q) (negation law)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

De Morgan's law)
“p A (= (=p) V ) De Morgan’s law)
—pA(pV—q) double negation law)

“p A= (P AQq) (
E

(=pAp)V (=pA—q) (distributive law)
(
(

—(pV(=pAQq)

FV (=pA-q) negation law)
(-pA—-q)VF commutative law)
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Proving Equivalence Using Laws of Equivalences (2)

Exercise

Show that = (pV (=p A q)) and —p A —q are equivalent using the laws of logical
equivalences.

Solution:

De Morgan's law)
De Morgan's law)

—pA=(=pAq)
—pA(=(=p) V —q)

—(pV(=pAQq)

(
E
(—=p Ap)V (-pA—q) (distributive law)
(
(
(

= -pA(pV-gq) double negation law)
= FV(-pA—q) negation law)
= (-pA-qVF commutative law)

-p A —q identity law)
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Laws of Logical Equivalences

Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

(PANg)— (pVeg =
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

(pNqg) — (pVa) - (pAq)V(pVyq) (equivalence A— B=-AV B)
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

- (pAq)V(pVyq) (equivalence A— B=-AV B)
(-pV-q)V(pVgq) (De Morgan's law)

(pAhg)— (pVaq)
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

-(pAq)V(pVQ) equivalence A - B=-AV B)

(pAg)—(pVa) (
(—-pV—q)V(pVgq) (DeMorgan's law)
(
a

(-pVp)V(-qVgq) (commutative and
ssociative law for V)
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

- (pAq)V(pVyq) (equivalence A— B=-AV B)
(-pV-q)V(pVgq) (De Morgan's law)
(-pVp)V(-qVgq) (commutative and
associative law for V)
TvT (commutative and
negation law for V)

(pAhg)— (pVaq)
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Proving Validity Using Laws of Equivalences (1)

Exercise
Show that (p A ¢) — (pV q) is valid using the laws of logical equivalences.

Solution:
We must show that (p A ¢) — (pV q) is equivalent to T.

- (pAq)V(pVyq) (equivalence A— B=-AV B)
(-pV-q)V(pVgq) (De Morgan's law)
(-pVp)V(-qVgq) (commutative and

associative law for V)

(pAhg)— (pVaq)

= TVvT (commutative and
negation law for V)
= T (domination law)

Note: from this result, we can write (p A q) = (pV q).
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Laws of Logical Equivalences

Proving Validity Using Laws of Equivalences (2)

Exercise

Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
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Proving Validity Using Laws of Equivalences (2)

Exercise

Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
We must show that (p — g A7) — (p — ¢) is equivalent to T.

(p—aqnrr)—(p—q)
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Proving Validity Using Laws of Equivalences (2)

Exercise

Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
We must show that (p — g A7) — (p — ¢) is equivalent to T.

(p—qAr)—=(p—4q)
“(p—=gATr)V(p—Qq) (equivalence A — B =-AV B)
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Proving Validity Using Laws of Equivalences (2)

Exercise
Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
We must show that (p — g A7) — (p — ¢) is equivalent to T.

(p—=gnr)—(p—q
“(p—=gATr)V(p—Qq) (equivalence A — B =-AV B)
= (-pV(gAT))V(-pVq) (equivalence A — B=-AV B)
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Proving Validity Using Laws of Equivalences (2)

Exercise

Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
We must show that (p — g A7) — (p — ¢) is equivalent to T.

(p—qAr)—=(p—4q)

“(p—=gATr)V(p—Qq) (equivalence A — B =-AV B)
= (-pV(gAT))V(-pVq) (equivalence A — B=-AV B)
(=(—p)A=(gAT)V(=pVq) (De Morgan's law)
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Proving Validity Using Laws of Equivalences (2)

Exercise

Show that (p — ¢ Ar) — (p — q) is valid using the laws of logical equivalences.

Solution:
We must show that (p — g A7) — (p — ¢) is equivalent to T.

(p—qAr)—=(p—4q)

“(p—=gATr)V(p—Qq) (equivalence A — B =-AV B)
(=pV(gAT))V(—-pVq) (equivalence A — B =—-AV B)

(p) A= (gAT))V(=pVq) gDe Morgan's law)

(=
(pA(=qV-=r)V(-pVq) De Morgan's law
nd double negation law)
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Laws of Logical Equivalences

(pA=q)V(pA—-T)V(=pVQq) (distributive law)
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Laws of Logical Equivalences

(pA=q)V(pA—-T)V(=pVQq) (distributive law)
(pA=q)V(=pVaq)V(pA-r) (commutative law for V)
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Laws of Logical Equivalences

(pA=q)V(pA-T)V(-pVq) (distributive law)
(pA=q)V (=pV )V (pA-T) (commutative law for V)
(= pA=q)V(—pVqg)V(pA-r) (double negation law)
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Laws of Logical Equivalences

(pA=q)V(pA-T)V(-pVq) (distributive law)
(pA=q)V (=pV )V (pA-T) (commutative law for V)
——pA-q)V (-pVq)V (pA-r) (double negation law)

= (pVq@V(—pVqgV(A-r) (De Morgan's law)
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Laws of Logical Equivalences

(pA=q)V(pA-T)V(-pVq) (distributive law)
(pA=q)V (=pV )V (pA-T) (commutative law for V)
(= pA=q)V(—pVqg)V(pA-r) (double negation law)

= (pVq@V(—pVqgV(A-r) (De Morgan's law)

TV (pA-r) (negation law)
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Laws of Logical Equivalences

(pA=Q)V(pA-T)V(-pVQq) (distributive law)
(pA=qQ)V (=pVaq)V(pA-r) (commutative law for V)
(= pA=q)V(—pVqg)V(pA-r) (double negation law)

= (pVq@V(—pVqgV(A-r) (De Morgan's law)

TV (pA-r) (negation law)
(pA=r)VT (commutative law for V)
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Laws of Logical Equivalences

(pA=q)V(pA-T)V(-pVq) distributive law)
(pA=q)V (=pV )V (pA-T) commutative law for V)
(= pA=q)V(—pVqg)V(pA-r) (double negation law)

(
E
= (—pVq@V(—pVqgV(A-T) EDe Morgan's law)
(
(

TV (pA-r) negation law)
(pA-r)VT commutative law for V)
T domination law)

Note: from this result, we can write (p — ¢ A T) = (p — ).
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