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Motivation: Why do we need to learn propositional logic?
Propositional logic is one of the foundations in computer science and software
engineering.

System Specification Consistency Problem

A software engineer is inquired by his manager to develop an information system
that complies following specification:
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Motivation: Why do we need to learn propositional logic?

Propositional logic is one of the foundations in computer science and software
engineering.
System Specification Consistency Problem

A software engineer is inquired by his manager to develop an information system
that complies following specification:

@ Whenever the system software is being upgraded, the user cannot access file
system;

@ If the user can access file system, then the user can save a new file;

@ If the user cannot save a new file, then the system software is not being
upgraded.

Can an information system with these specification be built? In other words, are
these system specification consistent?

System specification consistency problem is one of the problems that can be
solved using propositional logic which we are going to learn.
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Proposition: Definition

Proposition

Proposition

A proposition is a declarative sentence or a statement that is either true or false,
but not both.
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A proposition is a declarative sentence or a statement that is either true or false,
but not both.

Propositional logic: a system of logic based on propositions. We also called this
stuff by its fancier name: propositional calculus (no connection with single
variable calculus though).
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Proposition

Proposition
A proposition is a declarative sentence or a statement that is either true or false,
but not both.

Propositional logic: a system of logic based on propositions. We also called this
stuff by its fancier name: propositional calculus (no connection with single
variable calculus though).

A simple proposition is usually written with lowercase letters:
D4, 7,8, P15, P25 - -5 41,425 - - -

The verity (the truth) of a proposition:

@ true, or we can also write: T, T, 1
o false, or we can also write: F, 1, 0
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Some Examples of Propositions

2% < 32
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Some Examples of Propositions

2% < 32

@ Is this a statement? Yes.
@ Is this a proposition? Yes.
@ Truth value? True.

3143 <10
@ Is this a statement? Yes.
@ Is this a proposition? Yes.
o Truth value?
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Some Examples of Propositions

23 < 32

@ Is this a statement? Yes.
@ Is this a proposition? Yes.
@ Truth value? True.

31 —4% <10
@ Is this a statement? Yes.
@ Is this a proposition? Yes.
o Truth value? False (because 3% — 43 = 17).
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Other Examples

T+ 3> 2045
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Other Examples

T+ 3> 2045

@ Is this a statement? VYes.

o Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).
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Other Examples

T+ 3> 2045

@ Is this a statement? Yes.

o Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).

@ This type of statement is called an open sentence.

r+2x—3x=0
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Other Examples

T+ 3> 2045

Is this a statement? VYes.

(4]

Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).

This type of statement is called an open sentence.

r+2x—3x=0

Is this a statement? VYes.
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(4]

Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).

This type of statement is called an open sentence.

r+2x—3x=0

Is this a statement? VYes.

Is this a proposition? Yes, because regardless the value of x, the statement
x + 2x — 3x = 0 is always true.
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Other Examples

T+ 3> 2045

Is this a statement? VYes.

(4]

Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).

This type of statement is called an open sentence.

r+2x—3x=0

Is this a statement? VYes.

Is this a proposition? Yes, because regardless the value of x, the statement
x + 2x — 3x = 0 is always true.

Truth value?
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Other Examples

T+ 3> 2045

Is this a statement? VYes.

(4]

Is this a proposition? No, because its truth depends on z (the statement is
true if © > 2042 and is false otherwise).

This type of statement is called an open sentence.

r+2x—3x=0

Is this a statement? VYes.

Is this a proposition? Yes, because regardless the value of x, the statement
x + 2x — 3x = 0 is always true.

Truth value? True.
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Other Examples

“Please read your textbooks regularly!”
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@ Only a statement can be a proposition.
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Verify whether following sentences are propositions or not.

MZI (SoC Tel-U) Propositional Logic 1 September 2023

11 / 45



Other Examples

“Please read your textbooks regularly!”

@ Is this a statement? No, this is a requisition.
@ Is this a proposition? No, because this is not a statement.

@ Only a statement can be a proposition.

Exercise
Verify whether following sentences are propositions or not.

@ “Have you understood the definition of a proposition?”

MZI (SoC Tel-U) Propositional Logic 1 September 2023

11 / 45



Other Examples

“Please read your textbooks regularly!”

@ Is this a statement? No, this is a requisition.
@ Is this a proposition? No, because this is not a statement.

@ Only a statement can be a proposition.

Exercise
Verify whether following sentences are propositions or not.

@ “Have you understood the definition of a proposition?”

@ ‘I have understood the definition of a proposition.”

MZI (SoC Tel-U) Propositional Logic 1 September 2023

11 / 45



Other Examples

“Please read your textbooks regularly!”

@ Is this a statement? No, this is a requisition.
@ Is this a proposition? No, because this is not a statement.

@ Only a statement can be a proposition.

Exercise
Verify whether following sentences are propositions or not.

@ “Have you understood the definition of a proposition?”
@ ‘I have understood the definition of a proposition.”
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Other Examples

“Please read your textbooks regularly!”

@ Is this a statement? No, this is a requisition.
@ Is this a proposition? No, because this is not a statement.

@ Only a statement can be a proposition.

Exercise

Verify whether following sentences are propositions or not.
@ “Have you understood the definition of a proposition?”
@ ‘I have understood the definition of a proposition.”
© "“Fus Ro Dah!"
Q@ “Bla bla bla, $#0&%!"
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We have seen several simple propositions, these propositions are called atoms or
atomic propositions.

From two or more atomic propositions, we can combine these propositions to form
a new proposition using logical operator (logical connectives). The resulted
proposition is called a compound proposition.
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We have seen several simple propositions, these propositions are called atoms or
atomic propositions.

From two or more atomic propositions, we can combine these propositions to form
a new proposition using logical operator (logical connectives). The resulted
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Logical Operators and Compound Propositions

Logical Operators and Compound Propositions

We have seen several simple propositions, these propositions are called atoms or
atomic propositions.

From two or more atomic propositions, we can combine these propositions to form
a new proposition using logical operator (logical connectives). The resulted
proposition is called a compound proposition.

Based on the number of propositions involved, there are two types of elementary
logical operators:

Q unary operator; only requires one operand: negation (— or ~);

@ binary operator; requires two operands: conjunction (A), disjunction (V),
exclusive disjunction/ exclusive-or (&), implication (—), bi-implication (<)
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Logical Operators and Compound Propositions

Negation

Negation

Let p be a proposition. Then —p (also denoted by ~ p or p) is also a proposition
which is called the negation of p.
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Negation

Let p be a proposition. Then —p (also denoted by ~ p or p) is also a proposition
which is called the negation of p.

—p is read not p or “it is not the case that p"

—p has the truth value that is the opposite of the truth value of p.
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Let p be a proposition. Then —p (also denoted by ~ p or p) is also a proposition
which is called the negation of p.

—p is read not p or “it is not the case that p"

—p has the truth value that is the opposite of the truth value of p.
—p is true (T) precisely when p is false.

The truth table for negation of a proposition:
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Let p be a proposition. Then —p (also denoted by ~ p or p) is also a proposition
which is called the negation of p.

—p is read not p or “it is not the case that p"

—p has the truth value that is the opposite of the truth value of p.
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Example of Negations

Exercise

Write in English the negation of following propositions:

“l am a student”

“This month is not August”
“Alex didn't do nothing”
210 < 102

34> 43

00000

Solution:

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise
Write in English the negation of following propositions:

“l am a student”

“This month is not August”
“Alex didn't do nothing”
210 < 102

34> 43

00000

Solution:

@ ‘it is not true that | am a student” or

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise
Write in English the negation of following propositions:

“l am a student”

“This month is not August”
“Alex didn't do nothing”
210 < 102

34> 43

00000

Solution:

Q@ ‘it is not true that | am a student” or “l am not a student

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:

“l am a student”

“This month is not August”
“Alex didn't do nothing”
210 < 102

34> 43

00000

Solution:

@ ‘it is not true that | am a student” or “l am not a student”

@ ‘it is not true that this month is not August” or

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:

“l am a student”

“This month is not August”
“Alex didn't do nothing”
210 < 102

34> 43

00000

Solution:

@ ‘it is not true that | am a student” or “l am not a student”

@ ‘it is not true that this month is not August” or “this month is August

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:
“l am a student”

“This month is not August”

“Alex didn't do nothing”

210 < 102

34> 43

00000

Solution:
@ ‘it is not true that | am a student” or “l am not a student”

@ ‘it is not true that this month is not August” or “this month is August
@ ‘it is not true that Alex didn't do nothing” or

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:
“l am a student”

“This month is not August”

“Alex didn't do nothing”

210 < 102

34> 43

00000

Solution:
@ ‘it is not true that | am a student” or “l am not a student”

@ ‘it is not true that this month is not August” or “this month is August
@ ‘it is not true that Alex didn't do nothing” or “Alex did do nothing”

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:

@ ‘Il am a student”
@ “This month is not August”
@ "“Alex didn't do nothing”
Q 219 <102
Q 3t>43
Solution:
Q@ ‘it is not true that | am a student” or “l am not a student”
@ ‘it is not true that this month is not August” or “this month is August”
@ ‘it is not true that Alex didn't do nothing” or “Alex did do nothing”
Q 29> 10?

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Example of Negations

Exercise

Write in English the negation of following propositions:

@ ‘Il am a student”
@ “This month is not August”
@ "“Alex didn't do nothing”
Q 219 <102
Q 3t>43
Solution:
Q@ ‘it is not true that | am a student” or “l am not a student”
@ ‘it is not true that this month is not August” or “this month is August”
@ ‘it is not true that Alex didn't do nothing” or “Alex did do nothing”
Q 29> 10?
Q 3t<4

MZI (SoC Tel-U) Propositional Logic 1 September 2023 15 / 45



Logical Operators and Compound Propositions

Negation and Antonym

Example
Write in English the negation of following propositions.

@ Bill is richer than Steve.
@ Steve is older than Bill.

Solution:
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Logical Operators and Compound Propositions

Negation and Antonym

Example

Write in English the negation of following propositions.
@ Bill is richer than Steve.
@ Steve is older than Bill.

Solution:

@ ‘It is not true that Bill is richer than Steve” or in other words “Bill is as rich
as Steve or he is poorer than Steve”.

@ ‘It is not true that Steve is older than Bill" or in other words “Steve is as old
as Bill or he is younger than Bill".
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Double Negative

In Standard English, two negatives are understood to resolve to a positive;
however, today as African American culture becomes more dispersed, the use of
double negatives becomes increasingly prevalent and in many cases lead to
confusions.

For examples:
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Double Negative

In Standard English, two negatives are understood to resolve to a positive;
however, today as African American culture becomes more dispersed, the use of
double negatives becomes increasingly prevalent and in many cases lead to

confusions.
For examples:

@ | didn't do nothing. (So, the speaker did something or not?)
@ | ain't got no money. (So, the speaker got some money or not?)

@ I'm not hungry no more. (So, the speaker is hungry or not?)
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Logical Operators and Compound Propositions

r

“Didn’t do nothing” is a
| didn’t do nothing. double negative, infers the positive.

It's "I didn't do anything."
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Conjunction

Conjunction

Let p and ¢ be propositions. Then p A q is also a proposition which is called the
conjunction of p and q.
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Logical Operators and Compound Propositions

Examples of Conjunctions

Exercise

Suppose we have following atomic propositions:

p: The sun rises in the east ¢:2 x 3 < 32
r: Cat is a reptile s:2%> 42

Write and determine the truth value of the following compound propositions: (1)
pA—g; (2) =r A —s.

Solution:
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Examples of Conjunctions
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Suppose we have following atomic propositions:

p: The sun rises in the east

g:2x3<32
r : Cat is a reptile

s:24 > 42

Write and determine the truth value of the following compound propositions: (1)
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Logical Operators and Compound Propositions

Disjunction

Disjunction

Let p and ¢ be propositions. Then pV ¢ is also a proposition which is called the
disjunction of p and gq.
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Disjunction

Disjunction

Let p and ¢ be propositions. Then pV ¢ is also a proposition which is called the
disjunction of p and gq.

pVqisread p or q.
pV qis false (F) precisely when both p and ¢ are false and is true otherwise.

Truth table for disjunction of two propositions:

Observe that p V q is also true if both p and ¢ are true.

MZI (SoC Tel-U) Propositional Logic 1 September 2023 21/ 45



Logical Operators and Compound Propositions

Examples of Disjunctions

Exercise

Suppose we have following atomic propositions:

p: The sun rises in the east ¢:2 x 3 < 32
r: Cat is a reptile s:2%> 42

Write and determine the truth value of the following compound propositions: (1)
-pV —q; (2) rV -s.

Solution
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Logical Operators and Compound Propositions

Exclusive Disjunction (XOR)

Exclusive Disjunction (Exclusive-OR — XOR)

Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.
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Exclusive Disjunction (Exclusive-OR — XOR)

Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.

p@ q is read p xor q.
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Exclusive Disjunction (XOR)

Exclusive Disjunction (Exclusive-OR — XOR)

Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.

p@ q is read p xor q.

p @ q is true (T) precisely when p and ¢ have different truth value.
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Exclusive Disjunction (XOR)

Exclusive Disjunction (Exclusive-OR — XOR)

Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.

p@ q is read p xor q.
p @ q is true (T) precisely when p and ¢ have different truth value.
Truth table for exclusive disjunction of two propositions:

p qlp®g
T T|
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Logical Operators and Compound Propositions

Exclusive Disjunction (XOR)

Exclusive Disjunction (Exclusive-OR — XOR)

Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.

p P qis read p xor gq.

p @ q is true (T) precisely when p and ¢ have different truth value.
Truth table for exclusive disjunction of two propositions:

| peq

q

T F
F T
T

CRSRS (LS
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Let p and g be propositions. Then p @® ¢ is also a proposition which is called the
exclusive disjunction (exclusive or, xor) of p and g.

p@ q is read p xor q.
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:
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Suppose we have following atomic propositions:
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r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q p P q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like
cookies but he likes pizza";
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like
cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both”.
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies

q : Alex likes pizza
r: 2 is an even number

s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like

cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both".

Q rds:
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise
Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like

cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both".

Q r@s: “2is an even number but it is not a prime number, or 2 is not an even
number but it is a prime number”;
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Example of Exclusive Disjunctions

Exercise
Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like

cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both".

Q r@s: “2is an even number but it is not a prime number, or 2 is not an even
number but it is a prime number”; or we can also write “2 is either an even
number or a prime number, but not both"”. The truth of each of r and s
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like

cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both".

Q r@s: “2is an even number but it is not a prime number, or 2 is not an even
number but it is a prime number”; or we can also write “2 is either an even

number or a prime number, but not both". The truth of each of r and s is
true, therefore the truth of r © s is
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Logical Operators and Compound Propositions

Example of Exclusive Disjunctions

Exercise

Suppose we have following atomic propositions:

p : Alex likes cookies q : Alex likes pizza
r: 2 is an even number s: 2 is a prime number

Write the compound proposition: (1) p® ¢; (2) » ® s and also determine the
truth value of r @ s.

Solution:

Q@ p®q: “Alex likes cookies but he doesn't like pizza, or Alex doesn't like

cookies but he likes pizza"; or we can also write “Alex likes either cookies or
pizza, but not both".

Q r@s: “2is an even number but it is not a prime number, or 2 is not an even
number but it is a prime number”; or we can also write “2 is either an even
number or a prime number, but not both". The truth of each of r and s is
true, therefore the truth of r @ s is false.
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Logical Operators and Compound Propositions

Implication or Conditional Statement

Implication or Conditional Statement

Let p and g be propositions, then p — ¢ is also a proposition which is called an
implication or a conditional statement of the proposition “if p, then ¢". In an
implication p — ¢, p is called the hypothesis/ antecedent/ premise and ¢ is called
the conclusion/ consequence.

p — q is read:
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Implication or Conditional Statement

Implication or Conditional Statement

Let p and g be propositions, then p — ¢ is also a proposition which is called an
implication or a conditional statement of the proposition “if p, then ¢". In an
implication p — ¢, p is called the hypothesis/ antecedent/ premise and ¢ is called
the conclusion/ consequence.

p — q is read:

if p then ¢ ‘ qifp
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Logical Operators and Compound Propositions

Implication or Conditional Statement

Implication or Conditional Statement

Let p and g be propositions, then p — ¢ is also a proposition which is called an
implication or a conditional statement of the proposition “if p, then ¢". In an
implication p — ¢, p is called the hypothesis/ antecedent/ premise and ¢ is called
the conclusion/ consequence.

p — q is read:

if p then ¢ qifp
p implies ¢ q is implied by p
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Logical Operators and Compound Propositions

Implication or Conditional Statement

Implication or Conditional Statement

Let p and g be propositions, then p — ¢ is also a proposition which is called an
implication or a conditional statement of the proposition “if p, then ¢". In an
implication p — ¢, p is called the hypothesis/ antecedent/ premise and ¢ is called
the conclusion/ consequence.

p — q is read:

if p then ¢ qifp
p implies ¢ q is implied by p
p is sufficient for ¢ q is necessary for p
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Logical Operators and Compound Propositions

p — ¢ is false (F) if p is true but ¢ is false, otherwise p — ¢ is true
Truth table for conditional statement p — ¢

p qlp—gq
T T|
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p — ¢ is false (F) if p is true but ¢ is false, otherwise p — ¢ is true

Truth table for conditional statement p — ¢
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Logical Operators and Compound Propositions

p — ¢ is false (F) if p is true but ¢ is false, otherwise p — ¢ is true

Truth table for conditional statement p — ¢

b qipP—g
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Logical Operators and Compound Propositions

Examples of Conditional Statements

Example

Consider following propositions:
p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"

p—q
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Example
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p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"
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Examples of Conditional Statements

Example
Consider following propositions:
p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"
p — q: “if Alex's final exam is 100, then his final grade is A"

p — ¢ is false (F') when
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Examples of Conditional Statements

Example

Consider following propositions:
p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"
p — q: “if Alex's final exam is 100, then his final grade is A"
p — ¢ is false (F') when Alex's final exam is 100, but his final grade is not A"

p — q is true (T) when:
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Examples of Conditional Statements

Example
Consider following propositions:
p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"
p — q: “if Alex's final exam is 100, then his final grade is A"
p — ¢ is false (F') when Alex's final exam is 100, but his final grade is not A"

p — q is true (T) when:

@ Alex's final exam is not 100
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Examples of Conditional Statements

Example

Consider following propositions:
p: “Alex’s final exam is 100"

q : “Alex’s final grade is A"
p — q: “if Alex's final exam is 100, then his final grade is A"
p — ¢ is false (F') when Alex's final exam is 100, but his final grade is not A"

p — q is true (T) when:
@ Alex's final exam is not 100

o Alex’s final grade is A.
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Logical Operators and Compound Propositions

Exercise

At the beginning of a season, an owner of a basketball club once said, “If my club
win this season’s final, then | will sell this club”. When the season ended, the club
was relegated to the lower division, yet the owner still sold his club. Does the act
of selling the club violate the owner's previous statement?

September 2023 28 / 45
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Contrapositive, Converse, and Inverse

Let p — ¢ be an implication, then:

o the contrapositive (sometimes called contraposition) of p — ¢ is ¢ — —p
@ the converse of p — qisqg—p

o the inverse of p — ¢ is =p — —q
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

inverse

contrapositive | converse

~q | p—gq
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

inverse

contrapositive | converse
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

contrapositive | converse inverse
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T F \ T F \ T | T |
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

Observe that the truth of p — ¢ is identical to the truth of
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

contrapositive | converse inverse
p wla —qlp—q| —qg—-p q—p | p—q
T F | T F T T T T
T F |F T F F T T
F T |T F T T F F
F T |F T T T T T

Observe that the truth of p — ¢ is identical to the truth of =g — —p, the truth of

q — p is identical to the truth of
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

contrapositive | converse inverse
p |1 4q —q|pP—q -q— p q9—p | p—9q
T F | T F T T T T
T F |F T F F T T
F T |T F T T F F
F T |F T T T T T

Observe that the truth of p — ¢ is identical to the truth of =g — —p, the truth of
q — p is identical to the truth of =p — —¢q. In this condition, we say
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

contrapositive | converse inverse
p wla —qlp—q| —qg—-p q—p | p—q
T F | T F T T T T
T F |F T F F T T
F T |T F T T F F
F T |F T T T T T

Observe that the truth of p — ¢ is identical to the truth of =g — —p, the truth of
q — p is identical to the truth of =p — —¢q. In this condition, we say p — ¢ is

equivalent to =q¢ — —p and
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Logical Operators and Compound Propositions

The truth table for contrapositive, converse, and inverse of an implication:

contrapositive | converse inverse
p wla —qlp—q| —qg—-p q—p | p—q
T F | T F T T T T
T F |F T F F T T
F T |T F T T F F
F T |F T T T T T

Observe that the truth of p — ¢ is identical to the truth of =g — —p, the truth of
g — p is identical to the truth of —=p — —gq. In this condition, we say p — ¢ is
equivalent to -¢ — —p and ¢ — p is equivalent to —p — —gq.

Remark

Every conditional statement is equivalent to its contrapositive.

MZI (SoC Tel-U) Propositional Logic 1

September 2023 30/ 45



Logical Operators and Compound Propositions

Bi-implication or Biconditional Statement

Bi-implication

Let p and g be propositions, then p < ¢ is also a proposition which is called a
bi-implication or a biconditional statement of the propositions “p if and only if ¢".

p < q is read:
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Bi-implication or Biconditional Statement

Bi-implication

Let p and g be propositions, then p < ¢ is also a proposition which is called a
bi-implication or a biconditional statement of the propositions “p if and only if ¢".

p < q is read:

p if and only if ¢ p iff g, (iff is a shorthand for if and only if)
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Let p and g be propositions, then p < ¢ is also a proposition which is called a
bi-implication or a biconditional statement of the propositions “p if and only if ¢".

p <> q is read:
p if and only if ¢ p iff g, (iff is a shorthand for if and only if)
if p then ¢, and conversely p is necessary and sufficient for ¢
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Logical Operators and Compound Propositions

Bi-implication or Biconditional Statement

Bi-implication

Let p and g be propositions, then p < ¢ is also a proposition which is called a
bi-implication or a biconditional statement of the propositions “p if and only if ¢".

p < q is read:
p if and only if ¢ p iff g, (iff is a shorthand for if and only if)
if p then ¢, and conversely p is necessary and sufficient for ¢
p is equivalent to ¢ p and g are equivalent
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Logical Operators and Compound Propositions

p < ¢ is true (T) precisely when p and ¢ have the same truth values, and is
false otherwise.
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p < ¢ is true (T) precisely when p and ¢ have the same truth values, and is
false otherwise.

p < q is true (T) precisely when p — ¢ and ¢ — p are both true (T).
Truth table for a biconditional statement:
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false otherwise.
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Truth table for a biconditional statement:
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Logical Operators and Compound Propositions

p < ¢ is true (T) precisely when p and ¢ have the same truth values, and is
false otherwise.

p < q is true (T) precisely when p — ¢ and ¢ — p are both true (T).

Truth table for a biconditional statement:
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Logical Operators and Compound Propositions

Example of Biconditional Statement

Example

Consider following propositions:
p: “Alex’s final grade was not less than 50"

q : "Alex passed the class”
p<q:
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Example of Biconditional Statement

Example

Consider following propositions:

p: “Alex’s final grade was not less than 50"

q : "Alex passed the class”

p < q: "Alex’s final grade was not less than 50 if and only if he passed the class”

p < ¢ is true (T) when
@ Alex’s final grade was not less than 50 and he passed the class; or
@ Alex’s final grade was less than 50 and he didn’t pass the class.
p < ¢ is false (F') when
@ Alex’s final grade was not less than 50, but he didn't pass the class; or

@ Alex's final grade was less than 50, but he passed the class.
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Precedence of Logical Operators

From high school arithmetic, we know that 2 4+ 3 x 4 =
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Precedence of Logical Operators

From high school arithmetic, we know that 2 4 3 x 4 = 14, this is because the
precedence (the processing order) of operator X is higher than operator +. We
also learned to use parentheses to specify the processing order of arithmetical
operators.
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precedence (the processing order) of operator X is higher than operator +. We
also learned to use parentheses to specify the processing order of arithmetical
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Precedence of Logical Operators

From high school arithmetic, we know that 2 4 3 x 4 = 14, this is because the
precedence (the processing order) of operator X is higher than operator +. We
also learned to use parentheses to specify the processing order of arithmetical
operators. For example, 2 4 3 x 4 means 2 + (3 x 4) = 14, whereas

(2+3) x 4 = 20. By knowing the precedence of logical operators, we may reduce
the number of parentheses in a compound propositions.

Which one of the following propositions is equivalent to p A g — 77
@ pA(g—r)
Q@ (prhg)—r
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Precedences of Logical Operators

The precedence of logical operators determines which operator has to be operated
first (i.e., be applied to an operand)
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Precedences of Logical Operators

The precedence of logical operators determines which operator has to be operated

first (i.e., be applied to an operand)

The precedence of logical operators is described by following table:

Operator | Precedence
1

T l® <>
DU  Ww N
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Precedences of Logical Operators

The precedence of logical operators determines which operator has to be operated
first (i.e., be applied to an operand)

The precedence of logical operators is described by following table:

Operator | Precedence
1

T l® <>
DU  Ww N

As in arithmetic expressions, we use parentheses (" and )" to specify or clarify
the order of an operation in a compound proposition.
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Precedences of Logical Operators

Exercise

Put the parentheses to clarify the precedences of logical operators in the following

compound propositions:
Q pVgAr
Q Vg
Q@ pAg—r
Q@p——qgAr
Q@ pVg—1rA-s
Solution:

Q@ pVgAr means
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Exercise

Put the parentheses to clarify the precedences of logical operators in the following
compound propositions:
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Precedences of Logical Operators

Exercise

Put the parentheses to clarify the precedences of logical operators in the following
compound propositions:

Q pVgAr

Q Vg

Q@ pAg—r

Qp— —gAr

Q@ pVg—1rA-s
Solution:

Q@ pVgArmeanspV (qgAT)

@ —pV g means (—p) Vg

Q@ pAg—rmeans (pAq) —r

Q p— —gAr meansp— ((—g) AT)
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Propositional Formulas (Supplementary)

Propositional Formulas

Propositional Formulas

A propositional formula may consist of:

@ propositional constant: T (true) or F (false)
@ atomic variables:

p;p1,P2;- .-
q,4q1,42, - - -
T, .
© propositional operators: =, A, V, @, —, <
and is constructed using following rules:
@ every atomic proposition is a propositional formula
Q if A and B are propositional formulas, then =4, ANB, AV B, A® B,

A — B, A < B, are all propositional formulas.
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Propositional Formulas (Supplementary)

Example of Propositional Formulas

Example

According to the definition of propositional formulas, we infer that

@ p A qis a propositional formula
@ pgV is not a propositional formula

g - (—|p — —\—Vr‘)
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Example of Propositional Formulas

Example

According to the definition of propositional formulas, we infer that
@ p A qis a propositional formula
@ pgV is not a propositional formula

@ ——(—p — ——r) is a propositional formula that can be rewritten as
~(=(mp — (o))
Q@ pAg—@rVs
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Example

According to the definition of propositional formulas, we infer that
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@ pgV is not a propositional formula

@ ——(—p — ——r) is a propositional formula that can be rewritten as
= (= (mp— = (r)))

Q pAq— @rVsis not a propositional formula

Q@ pVey —-rds

MZI (SoC Tel-U) Propositional Logic 1 September 2023

40 / 45



Propositional Formulas (Supplementary)

Example of Propositional Formulas

Example

According to the definition of propositional formulas, we infer that
@ p A qis a propositional formula
@ pgV is not a propositional formula

@ ——(—p — ——r) is a propositional formula that can be rewritten as
= (= (mp— = (r)))

Q pAq— @rVsis not a propositional formula

Q@ pVqV — r®sis not a propositional formula

QpdpVg—rAs

MZI (SoC Tel-U) Propositional Logic 1 September 2023 40/ 45



Propositional Formulas (Supplementary)

Example of Propositional Formulas

Example
According to the definition of propositional formulas, we infer that
@ p A qis a propositional formula
@ pgV is not a propositional formula
@ ——(—p — ——r) is a propositional formula that can be rewritten as
~(=(mp — (o))
Q@ pAq— &rVsisnot a propositional formula
Q@ pVqV — r®sis not a propositional formula

Q@ pP®pVq—rAsisa propositional formula that can be rewritten as
P®@Va)—(TAs)
@ -(—~(~(p—=q)—r)—5)

MZI (SoC Tel-U) Propositional Logic 1 September 2023 40/ 45



Propositional Formulas (Supplementary)

Example of Propositional Formulas
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According to the definition of propositional formulas, we infer that
@ p A qis a propositional formula
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@ ——(—p — ——r) is a propositional formula that can be rewritten as
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Example of Propositional Formulas

Example
According to the definition of propositional formulas, we infer that
@ p A qis a propositional formula
@ pgV is not a propositional formula
@ ——(—p — ——r) is a propositional formula that can be rewritten as
~(=(mp — (o))
Q@ pAq— &rVsisnot a propositional formula
Q@ pVqV — r®sis not a propositional formula

Q@ pP®pVq—rAsisa propositional formula that can be rewritten as
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Propositional Formulas (Supplementary)

Subformula

Subformula
Q@ A formula A is a subformula of A itself.

Q@ If A and B are two propositional formulas used to construct a more complex
propositional formula C, then A and B are proper subformulas of C.

@ Subformula is transitive: if A is a subformula of B and B is a subformula of
C, then A is a subformula of C.

Example
let A be a formula (p A g) — (r V s), then the subformulas of A are: (1)
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Subformula

Subformula
Q@ A formula A is a subformula of A itself.

Q@ If A and B are two propositional formulas used to construct a more complex
propositional formula C, then A and B are proper subformulas of C.

@ Subformula is transitive: if A is a subformula of B and B is a subformula of
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Example
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propositional formula C, then A and B are proper subformulas of C.

@ Subformula is transitive: if A is a subformula of B and B is a subformula of
C, then A is a subformula of C.

Example

let A be a formula (p A g) — (r V s), then the subformulas of A are: (1)
(pAq)— (rVvs), (2 pAg (3) Vs, (4)p (5)q (6) r, and (7) s.
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (p — ¢) V (¢ — p)

Solution:
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Exercise
List all subformulas of (p — ¢) V (¢ — p)

Solution: subformulas of (p — ¢) V (¢ — p) are:
°(p—qVig—p)
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Exercise
List all subformulas of (p — ¢) V (¢ — p)

Solution: subformulas of (p — q) V (¢ — p) are:

o (p—q)V(g—p)
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (p — ¢) V (¢ — p)

Solution: subformulas of (p — q) V (¢ — p) are:

o (p—qV(g—p)
°op—yq
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°p
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Propositional Formulas (Supplementary)

Exercise

List all subformulas of (p — ¢q) V (¢ — p)
Solution: subformulas of (p — ¢) V (¢ — p) are:
(p—q)V(g—p)

p—q

q—p

p

q

® 6 6 o o
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution:
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Exercise
List all subformulas of (=p A q) — (pA (g V —r))
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:

o (-pAgq)— (pA(qV—r))
° (-pAq)
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Propositional Formulas (Supplementary)

Exercise

List all subformulas of (=p A ¢q) — (pA (¢V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
° (mpAg) = (PA(gV—r))
° (=pAg)
° (pA(qgV—r))

MZI (SoC Tel-U) Propositional Logic 1 September 2023 43/ 45



Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
(-pAq) = (pA(gV—r))

(=p A )

(pA(gV—r))

qV —r
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Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
(-pAq) = (pA(gV—r))

(=p A )

(pA(gV—r))
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
(-pAq) = (pA(gV—r))

(=p A )

(pA(gV—r))

qV —r

-p

—r
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
(-pAq) = (pA(gV—r))

(=p A )

(pA(gV—r))

qV —r

-p

-

p
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:

(=pAq) = (pA(gV 1))
(—pAaq)

(pA(qV 1))

qV —r

-p

p

q

®© 6 6 6 6 o o o
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Propositional Formulas (Supplementary)

Exercise
List all subformulas of (=p A q) — (pA (g V —r))

Solution: subformulas of (—p A q) — (p A (¢ V —r)) are:
(-pAq) = (pA(gV—r))

(=p A )

(pA(gV—r))

qV —r

-p

-

p
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Parse Tree

Parse tree can be used to visualize the structure of a propositional formula.
For instance, the parse tree for (-pAq) — (p A (qV —r)) is
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Parse tree can be used to visualize the structure of a propositional formula.
For instance, the parse tree for (-pAq) — (p A (qV —r)) is
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Propositional Formulas (Supplementary)

Exercise

Draw the parse tree of each of these formulas:
Q ~(pV(g—p)Ar
Q@ (pAg) — (pA(gV )
Q@ ~((g—=-p)A(p—7Va)
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