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Introduction: Set Definition and Notation

Set Definition and Notation

Set is an important mathematical object in modern mathematics and computer
science.

Definition

A set is an unordered collection of distinct objects. These objects are called
elements or members of the set. A set is said to contain its elements.

From this definition:
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Introduction: Set Definition and Notation

Set Definition and Notation

Set is an important mathematical object in modern mathematics and computer
science.

Definition

A set is an unordered collection of distinct objects. These objects are called
elements or members of the set. A set is said to contain its elements.

From this definition:

o Elements duplication does not matter.
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Introduction: Set Definition and Notation

Set Definition and Notation

Set is an important mathematical object in modern mathematics and computer
science.

Definition

A set is an unordered collection of distinct objects. These objects are called
elements or members of the set. A set is said to contain its elements.

From this definition:

o Elements duplication does not matter.

@ The order of appearance for the elements does not matter.
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Introduction: Set Definition and Notation

Set Notation

@ Sets are usually denoted with uppercase letters: A, B,C, ..., X,Y, Z, or with
indices if necessary, such as: Ay, Ao, ..., X1, X5, .. ..

@ Elements of sets are usually denoted with lowercase letters: a,b,c,...x,y, 2,
or with indices if necessary, such as: ay,as,...,T1,To,....

@ The notation € A means z is an element (member) of A, or equivalently A
contains x.

@ The notation = ¢ A means x is not an element (member) of A, or
equivalently A does not contain z.

@ The notation () or & or {} denotes the empty set/ null set, that is, the set
that has no elements.
The proposition € () is always F and the proposition = & ) is always T.
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Introduction: Set Definition and Notation

Simple Examples

Example

Suppose
o A = {loki,thor,odin, freia},
e B= {finn, 10, V2, Tey},
o O ={9,{9}, {{9}}},

o D = {Jon Snow, {Sansa Stark,Tyrion Lannister}}.
We have:
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Simple Examples

Example

Suppose
o A = {loki,thor,odin, freia},
e B= {finn, 10, V2, Tey},
o O ={9,{9}, {{9}}},

o D = {Jon Snow, {Sansa Stark,Tyrion Lannister}}.
We have:
o loki € A, odin € A, dormammu ¢ A,
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Introduction: Set Definition and Notation

Simple Examples

Example
Suppose

o A = {loki,thor,odin, freia},

e B= {finn, 10, V2, Tey},

o O ={9,{9}, {{9}}},

o D = {Jon Snow, {Sansa Stark,Tyrion Lannister}}.
We have:

o loki € A, odin € A, dormammu ¢ A,

o finn € B, han € B, luke ¢ B,
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Introduction: Set Definition and Notation

Simple Examples

Example
Suppose

o A = {loki,thor,odin, freia},

e B= {finn, 10, V2, Tey},

o O ={9,{9}, {{9}}},

o D = {Jon Snow, {Sansa Stark,Tyrion Lannister}}.
We have:

o loki € A, odin € A, dormammu ¢ A,

o finn € B, han € B, luke ¢ B,

°©9eC {9} eC {{9}} € C {{{9}}} ¢C,
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Introduction: Set Definition and Notation

Simple Examples

Example

Suppose
o A = {loki,thor,odin, freia},
e B= {finn, 10, V2, Tey},
o O ={9,{9}, {{9}}},

o D = {Jon Snow, {Sansa Stark,Tyrion Lannister}}.
We have:

o loki € A, odin € A, dormammu ¢ A,

o finn € B, han € B, luke ¢ B,

°09eC {9 eC {93} eC {{{91}} £C,

o Jon Snow € D, Sansa Stark & D,
Tyrion Lannister € {Sansa Stark, Tyrion Lannister}.
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Introduction: Set Definition and Notation

Example
We have:

@ the set of the first four positive prime numbers:
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Introduction: Set Definition and Notation

Example
We have:

o the set of the first four positive prime numbers: {2,3,5,7},

@ the set of the first five positive odd numbers:
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Introduction: Set Definition and Notation

Example

We have:
o the set of the first four positive prime numbers: {2,3,5,7},
o the set of the first five positive odd numbers: {1,3,5,7,9},
o the set of the first 100 positive even numbers:
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Introduction: Set Definition and Notation

Example
We have:
o the set of the first four positive prime numbers: {2,3,5,7},
o the set of the first five positive odd numbers: {1,3,5,7,9},
o the set of the first 100 positive even numbers: {2,4,6,...,200},
o the set of integers:
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Introduction: Set Definition and Notation

Example
We have:

the set of the first four positive prime numbers: {2,3,5, 7},

the set of the first five positive odd numbers: {1,3,5,7,9},

the set of the first 100 positive even numbers: {2,4,6,...,200},
the set of integers: {...,—3,-2,-1,0,1,2,3,...}.

e 6 6 o
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Introduction: Set Definition and Notation

Example
Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:

@ A; contains two elements, i.e.,
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Introduction: Set Definition and Notation

Example
Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,

Q A, contains two elements, i.e.,
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Introduction: Set Definition and Notation

Example

Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,
Q@ A contains two elements, i.e., a and {a, b},

@ Aj contains two elements, i.e.,
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Introduction: Set Definition and Notation

Example

Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,
Q@ A contains two elements, i.e., a and {a, b},

@ Aj contains two elements, i.e., b and {a, {a,b}}.

Therefore:
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Introduction: Set Definition and Notation

Example

Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,
Q@ A contains two elements, i.e., a and {a, b},
@ Aj contains two elements, i.e., b and {a, {a,b}}.

Therefore:

QCLEAl,bGAl,
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Introduction: Set Definition and Notation

Example

Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,
Q@ A contains two elements, i.e., a and {a, b},
@ Aj contains two elements, i.e., b and {a, {a,b}}.

Therefore:

QCLEAl,bGAl,
QGEAQ,AleAQ,bgAQ,
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Introduction: Set Definition and Notation

Example
Suppose A; = {a, b}, Az = {a,{a,b}}, A3 = {b,{a,{a,b}}}. We have:
@ A; contains two elements, i.e., a and b,
Q@ A contains two elements, i.e., a and {a, b},
@ Aj contains two elements, i.e., b and {a, {a,b}}.
Therefore:
Q@ ac A, be A,
Q@ ac Ay A €Ay, b Ay,
Q be A;, Ay € A3, a &€ A3, A & As.

This example illustrates that a set can be an element of another set. In other
words: a member of a particular set can be a set.
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Defining and Writing a Set

A set can be represented in the following ways.

@ using a list (roster method):

0 A={x1,x2,...,x,} for a set with finitely many elements;
0 A={x1,x2,...} for a set with infinitely many elements.

The ellipses symbol “. ..
is obvious.

are used when the general pattern of the elements

@ using set builder notation with a particular predicate:
0 A={x|P(x)}or A={z: P(x)}
Q@ A={z €U | P(z)}or A={x €U : P(x)}, in this notation, U is another
set in the universe of discourse which restrict the elements in the set A
© Sometimes the set U is a universal set or a universe of discourse for the
discussion.

The notation A= {z € U | P(x)} is read: A contains all elements z in U
such that P (z).
P (x) is a unary predicate with variable .

MZI (FIF Tel-U) Set Theory (1) December 2023 10 / 33



Examples of Set Builder Notation

Example
Suppose:
Q@ A={w | wis a positive integer less than 10},
Q@ B={x| P(x)} where P(x): x is an odd number between 20 and 30,
Q@ C={y| P(y)} where P(y) : y is a positive factor of 10,
Q@ D ={z| z is a positive prime factor of 12}.
Then:
Q A=
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Examples of Set Builder Notation

Example
Suppose:
Q@ A={w | wis a positive integer less than 10},
Q@ B={x| P(x)} where P(x): x is an odd number between 20 and 30,
Q@ C={y| P(y)} where P(y) : y is a positive factor of 10,
Q@ D ={z| z is a positive prime factor of 12}.
Then:
0 A= {1,2,3,...,8,9},
Q@ B=
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Examples of Set Builder Notation

Example
Suppose:
Q@ A={w | wis a positive integer less than 10},
Q@ B={x| P(x)} where P(x): x is an odd number between 20 and 30,
Q@ C={y| P(y)} where P(y) : y is a positive factor of 10,
Q@ D ={z| z is a positive prime factor of 12}.
Then:
0 A={1,2,3,...,8,9},
@ B = {21,23,25,27,29},
Q@ C=
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Examples of Set Builder Notation

Example
Suppose:
Q@ A={w | wis a positive integer less than 10},
Q@ B={x| P(x)} where P(x): x is an odd number between 20 and 30,
Q@ C={y| P(y)} where P(y) : y is a positive factor of 10,
Q@ D ={z| z is a positive prime factor of 12}.
Then:
0 A={1,2,3,...,8,9},
@ B = {21,23,25,27,29},
Q@ C={1,2,5,10},
QD=
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Examples of Set Builder Notation

Example
Suppose:
Q@ A={w | wis a positive integer less than 10},
Q@ B={x| P(x)} where P(x): x is an odd number between 20 and 30,
Q@ C={y| P(y)} where P(y) : y is a positive factor of 10,
Q@ D ={z| z is a positive prime factor of 12}.
Then:
0 A={1,2,3,...,8,9},
@ B = {21,23,25,27,29},
Q@ C={1,2,5,10},
Q D= {23}
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Prominent Set of Numbers

Important Sets of Numbers

The set of natural numbers: this set is denoted by N, N, or A/. In this course

N =1{1,2,3,...}. However, many computer science references define
N=1{0,1,2,3,...}.
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Prominent Set of Numbers

Important Sets of Numbers

The set of natural numbers: this set is denoted by N, N, or A/. In this course

N =1{1,2,3,...}. However, many computer science references define
N=1{0,1,2,3,...}.

The set of counting numbers: this set is denoted by Ny, Ng, or M. In this course
Ny ={0,1,2,3,...}.

o Every natural number is also a counting number.
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Important Sets of Numbers

The set of natural numbers: this set is denoted by N, N, or A/. In this course
N =1{1,2,3,...}. However, many computer science references define
N=1{0,1,2,3,...}.

The set of counting numbers: this set is denoted by Ny, Ng, or M. In this course
Ny ={0,1,2,3,...}.

o Every natural number is also a counting number.

The set of integers: this set is denoted by Z, Z, or Z, , and it is defined as
Z=A{..,-3-2,-1,01,2,3,...}.
@ Every counting number is also an integer.

@ The set of positive integers is denoted by Z* or Z~q, we have
ZT ={1,2,3,...}. Thus, the set of positive integers is equal to the set of
natural numbers, in other words, ZT = N.
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The set of rational numbers: this set is denoted by Q, Q, or Q, and it is defined
asQ:={%|a,beZandb#0}.
@ Since there is no elements duplication in a set, Q can also be defined as
Q:={%¢]a€cZ beN, and ged(a,b) =1}.
o Every integer m can be expressed as ' Therefore every integer is also a
rational number.

@ The set of positive rational numbers is denoted by QF or Q.
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The set of rational numbers: this set is denoted by Q, Q, or Q, and it is defined
asQ:={%|a,beZandb#0}.

@ Since there is no elements duplication in a set, Q can also be defined as
Q:={%¢]a€cZ beN, and ged(a,b) =1}.

o Every integer m can be expressed as ' Therefore every integer is also a
rational number.

@ The set of positive rational numbers is denoted by QF or Q.

The set of real numbers: this set is denoted by R, R, or R. This set encompasses
all numbers that can be “measured (continuously) along any geometric line”.

@ The set of real numbers includes the set of rational numbers (Q) and the set
of irrational numbers.

@ The set of positive real numbers is denoted by R or R+.
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The set of rational numbers: this set is denoted by Q, Q, or Q, and it is defined
asQ:={%|a,beZandb#0}.

@ Since there is no elements duplication in a set, Q can also be defined as
Q:={%¢]a€cZ beN, and ged(a,b) =1}.

o Every integer m can be expressed as ' Therefore every integer is also a
rational number.

@ The set of positive rational numbers is denoted by QF or Q.

The set of real numbers: this set is denoted by R, R, or R. This set encompasses
all numbers that can be “measured (continuously) along any geometric line”.

@ The set of real numbers includes the set of rational numbers (Q) and the set
of irrational numbers.

@ The set of positive real numbers is denoted by R or R+.

The set of complex numbers: this set is denoted by C, C, or C, and it is defined
asC:={a+bi|abeRandi?=—1}.

o Every real number a can be expressed as a + 0i. Therefore every real number
is also a complex number.

MZI (FIF Tel-U) Set Theory (1) December 2023 14 /33



Universal Set and Venn Diagram

Contents

© Universal Set and Venn Diagram
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Universal Set and Venn Diagram

Universal Set

Universal Set

A universal set (or universe of discourse) is a set that contains all the objects
under consideration. This set is usually denoted by U. A universal set is not
unique and highly depends on the objects under consideration.

Example

@ When we use the universal set U = {z | (z € N) A (z < 100)}, our objects
of interest are only natural numbers which are not greater than 100. We do
not consider other numbers outside U, such as —1, 101, or %

@ When we use the universal set U = R, our objects of interest are only real
numbers. We do not consider other elements outside U, such as v/—2 and

1++/-3.
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Universal Set and Venn Diagram

Venn Diagram

Venn Diagram

Venn diagram is used to graphically represent the relationship of one or several

sets with respect to a particular universal set. This universal set is depicted by a
rectangle.

Suppose we have the universal set
U = {a | a is one of the 26 letters in the standard English alphabet} and

V = {pB | B is one of the vowels in the standard English alphabet}. The Venn
diagram representation for the relationship of U and V is
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Universal Set and Venn Diagram

Venn Diagram

Venn Diagram

Venn diagram is used to graphically represent the relationship of one or several

sets with respect to a particular universal set. This universal set is depicted by a
rectangle.

Suppose we have the universal set
U = {a | a is one of the 26 letters in the standard English alphabet} and

V = {pB | B is one of the vowels in the standard English alphabet}. The Venn
diagram representation for the relationship of U and V is

u

/\
\/
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Universal Set and Venn Diagram

Suppose we have the universal set U = {z | (z € N) A (z <8)}, A={1,2,3,5},
and B = {2,5,6,8}. The Venn diagram representation for the relationship of U,
A, and B is

MZI (FIF Tel-U) Set Theory (1) December 2023 18 /33



Universal Set and Venn Diagram

Suppose we have the universal set U = {z | (z € N) A (z <8)}, A={1,2,3,5},
and B = {2,5,6,8}. The Venn diagram representation for the relationship of U,

A, and B is
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Set Equality and Subset

Set Equality

Definition (Set Equality)

Two sets A and B are equal, denoted by A = B, if A and B contain the same
elements. Otherwise, A and B are not equal and denoted by A # B.
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Set Equality

Definition (Set Equality)

Two sets A and B are equal, denoted by A = B, if A and B contain the same
elements. Otherwise, A and B are not equal and denoted by A # B.

A = B if & only if (iff) the predicate formula Vz (z € A < = € B) is true.

Example
Suppose we have:
o A={1,2,3,4,6,12},
e B ={x |z is a positive factor of 12},
o C=1{1,2,3},
o D=1{1,2,2,3,3,3).

Then we have:
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Set Equality

Definition (Set Equality)

Two sets A and B are equal, denoted by A = B, if A and B contain the same
elements. Otherwise, A and B are not equal and denoted by A # B.

A = B if & only if (iff) the predicate formula Vz (z € A < = € B) is true.

Example
Suppose we have:
o A={1,2,3,4,6,12},
e B ={x |z is a positive factor of 12},
o C=1{1,2,3},
o D=1{1,2,2,3,3,3).
Then we have: A=B,C=D, A#+#C, A#D, B#C, B#D.
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Subset

Definition (Subset)
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Subset

Definition (Subset)

The set A is a subset of B, denoted by A C B, if every element of A is also an
element of B. Furthermore, in this case, we say that the set be B is a superset of

A and it is denoted by B D A.
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Subset

Definition (Subset)

The set A is a subset of B, denoted by A C B, if every element of A is also an
element of B. Furthermore, in this case, we say that the set be B is a superset of

A and it is denoted by B D A.

A C B iff the predicate formula Va (z € A — x € B) is true.

Definition (Proper Subset)
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Subset

Definition (Subset)

The set A is a subset of B, denoted by A C B, if every element of A is also an
element of B. Furthermore, in this case, we say that the set be B is a superset of
A and it is denoted by B D A.

A C B iff the predicate formula Va (z € A — x € B) is true.

Definition (Proper Subset)

The set A is a proper subset of B, denoted by A € Bor A ¢ B, if AC B but
A # B.
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Subset

Definition (Subset)

The set A is a subset of B, denoted by A C B, if every element of A is also an
element of B. Furthermore, in this case, we say that the set be B is a superset of
A and it is denoted by B D A.

A C B iff the predicate formula Va (z € A — x € B) is true.

Definition (Proper Subset)

The set A is a proper subset of B, denoted by A € Bor A ¢ B, if AC B but
A # B.

A C B iff the predicate formulaVz (r € Az € B)AJz(z € BAx € A) is
true.
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Set Equality and Subset

Venn Diagram for the condition A C B can be depicted as follows.
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Set Equality and Subset

Example
Suppose:
o A={1,2,3,4,5},
o B={1,2,3,4},
o C={z| (xeN)A(z+5<10)},
o 0 =1{}

Then we have:
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Set Equality and Subset

Example
Suppose:
o A={1,2,3,4,5},
o B=1{1,2,3,4},
o C={z| (xeN)A(z+5<10)},
o 0 ={}.
Then we have:

QNCADCB,OCC,anddCh, anddC A 0 cC B, 0 cCC, but it is not
true that () C 0,
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Set Equality and Subset

Example
Suppose:
o A={1,2,3,4,5},
o B=1{1,2,3,4},
o C={z| (xeN)A(z+5<10)},
o 0 ={}.
Then we have:
Q0NCADCB O0CC,andPC P anddC A OCB,0CC, butitis not
true that () C 0,
Q@ BC Aand BC A, because 5 € Abut5 ¢ B,
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Set Equality and Subset

Example
Suppose:
o A={1,2,3,4,5},
o B=1{1,2,3,4},
o C={z| (xeN)A(z+5<10)},
o 0 ={}.
Then we have:
Q0NCADCB O0CC,andPC P anddC A OCB,0CC, butitis not
true that () C 0,
Q@ BC Aand BC A, because 5 € Abut5 ¢ B,

Q@ CCA CcC A (because 5€ Abut5¢ C), C C B, and B C C (because
B=20C).

Example
For the prominent set of numbers, we have NC NgCZ C QC R c C.
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Set Equality and Subset

More about set equality and subset

Theorem
For any set A:

Q N C A,
Q@ ACA

Proof

The proof is left as an exercise for the reader.

Theorem
If A and B are two sets, then A= B if & only if AC B and A D B.

Proof

The proof is left as an exercise for the reader.
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Set Equality and Subset

Theorem
For any set A, B, and C: if AC B and BC C, then A C C.

Proof

The proof is left as an exercise for the reader.
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Exercise 1: Set Equality & Subset

Exercise

For each of these statements, choose T if the statement is true, or F if the
statement is false.

Q {1,3,5} ={3,5,1}

Q {1,3,5} ={1,3,3,3,5,5,5,5,5}
O {1 {1}, {{1}}} ={1}

Q {1} c{1,{1}}

Q 0= {0}

Solution:

HH s A
0 = - ™ =
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Exercise 1: Set Equality & Subset

Exercise

For each of these statements, choose T if the statement is true, or F if the
statement is false.

Q {1,3,5} ={3,5,1}

Q {1,3,5} ={1,3,3,3,5,5,5,5,5}
O {1 {1}, {{1}}} ={1}

Q {1} c{1,{1}}

Q 0= {0}

Solution:
No. 1: T, because order of elements is irrelevant.

HH s A
0 = - ™ =
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Exercise 1: Set Equality & Subset

Exercise

For each of these statements, choose T if the statement is true, or F if the
statement is false.

Q {1,3,5} ={3,5,1}
O {1,3,5} ={1,3,3,3,5,5,5,5,5}
Q {1 {1}, {{1}}} ={1}
Q {1} C{1,{1}}
Q 0= {0}
Solution:

No. 1: T, because order of elements is irrelevant. No. 2: T, because elements
duplication is irrelevant.

HH s A
0 = - ™ =
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Exercise 1: Set Equality & Subset

Exercise

For each of these statements, choose T if the statement is true, or F if the
statement is false.

0 {1,3,5} ={3,5,1}
Q {1,3,5} ={1,3,3,3,5,5,5,5,5}
O {1 {1}, {{1}}} ={1}
Q {1} c{1,{1}}
Q 0= {0}
Solution:
No. 1: T, because order of elements is irrelevant. No. 2: T, because elements

duplication is irrelevant. No. 3: F, because the set {1,{1},{{1}}} contains three
elements, i.e., 1, {1}, and {{1}}; whereas {1} only contains one element, i.e., 1.

HH s A
0 = - ™ =
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Exercise 1: Set Equality & Subset

Exercise

For each of these statements, choose T if the statement is true, or F if the
statement is false.

Q {1,3,5} ={3,5,1}

Q {1,3,5} ={1,3,3,3,5,5,5,5,5}
O {1 {1}, {{1}}} ={1}

Q {1} c{1,{1}}

Q 0= {0}

HH s A
0 = - ™ =

Solution:

No. 1: T, because order of elements is irrelevant. No. 2: T, because elements
duplication is irrelevant. No. 3: F, because the set {1,{1},{{1}}} contains three
elements, i.e., 1, {1}, and {{1}}; whereas {1} only contains one element, i.e., 1.
No. 4: T, because 1 € {1} and 1 € {1,{1}}.
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Exercise 1: Set Equality & Subset

Exercise
For each of these statements, choose T if the statement is true, or F if the
statement is false.

Q {1,3,5} = {3,5,1}

Q {1,3,5} = {1,3,3,3,5,5,5,5,5}

O {1 {1}, {{1}}} ={1}

Q {1} c{1,{1}}

Q 0= {0}

Solution:

No. 1: T, because order of elements is irrelevant. No. 2: T, because elements
duplication is irrelevant. No. 3: F, because the set {1,{1},{{1}}} contains three
elements, i.e., 1, {1}, and {{1}}; whereas {1} only contains one element, i.e., 1.
No. 4: T, because 1 € {1} and 1 € {1,{1}}. No. 5: F, because () contains no
elements; whereas {(}} contains one element, i.e., (.

HH s A
0 = - ™ =
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Exercise 2: Relationship Between Two Sets

Exercise

Fill the bank with one of the following symbols: =, C, D, €, 3, or X if the
relation =, C, D, €, > are not appropriate.

(1) o L]
(2 o | {0
@ ooy | ] W
(4) {1 [ ] (w . {onn
G L]0
(6) o [ ] o
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Solution to Exercise 2

@ Since 0 = {}, then {0} = {{}}.
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Solution to Exercise 2

@ Since 0 = {}, then {0} = {{}}.

@ Since ) C A for any set A, then ) C {0}.
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Set Equality and Subset

Solution to Exercise 2

@ Since 0 = {}, then {0} = {{}}.
@ Since ) C A for any set A, then ) C {0}.

© Since 0 € {0} and 0 € {0,{0}}, then {0} C {0,{0}}, or {0,{0}} D {0}. We
can also state that {0, {0}} > {0} because {0} is an element of {(, {0} }.
Thus, we have two correct answers, i.e., O and 3.
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Set Equality and Subset

Solution to Exercise 2

@ Since 0 = {}, then {0} = {{}}.
@ Since ) C A for any set A, then () C {0}.

@ Since 0 € {0} and 0 € {0,{0}}, then {0} C {0,{0}}, or {0,{0}} D {0}. We
can also state that {0, {0}} > {0} because {0} is an element of {0, {0}}.
Thus, we have two correct answers, i.e., D and 3.

QO {1} e {1}, {13}, {{{1}}}}
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Set Equality and Subset

Solution to Exercise 2

000

Since ) = {}, then {0} = {{}}.

Since () C A for any set A, then () C {0}.

Since 0 € {0} and 0 € {0, {0}}, then {0} C {0,{0}}, or {0,{0}} D {0}. We
can also state that {0, {0}} > {0} because {0} is an element of {0, {0}}.
Thus, we have two correct answers, i.e., D and 3.

{1} e {1}, {1 {{{1 )

Sir:jce {{}} 2 {} and {{}} D {}, then we have two correct answers, i.e., >
and D.
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Solution to Exercise 2

@ Since 0 = {}, then {0} = {{}}.

@ Since ) C A for any set A, then () C {0}.

Q Since 0 € {0} and 0 € {0,{0}}, then {0} C {0,{0}}, or {0, {0}} D {0}. We
can also state that {0, {0}} > {0} because {0} is an element of {0, {0}}.

Thus, we have two correct answers, i.e., D and 3.

O {1} e {1}, {13}, {{{1}}}}-

@ Since {{}} 3 {} and {{}} D {}, then we have two correct answers, i.e., >
and D.

Q {0} is a set that contains exactly one member; an empty set. The set {0} is
also a set that contains exactly one member; a number 0. Since it is obvious
that {0} # {0}, there is no appropriate symbol among =, C, D, €, 3 for the
relationship between {0} and {0}.
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m < 10 and m is odd}, then |4| =
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m <10 and m is odd}, then |A| = 5.
° |0]=
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m <10 and m is odd}, then |A| = 5.
o 0] =0, {0} =
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m <10 and m is odd}, then |A| = 5.
o [0] =0, {0} =1, |{{0}} =
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m <10 and m is odd}, then |A| = 5.
o [0] =0, {0} =1, {{0}} = 1. |{0,{0}, {{0}}}] =
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Cardinality of Finite Sets and Power Set

Cardinality of (Finite) Sets

Definition
Let A be a set:

o A is finite iff A contains exactly n elements, for some nonnegative integer n;

@ in this case, n is the cardinality of A, and it is denoted by |A|, n (A), or #A,
o A is infinite iff A is not finite.

Example

o If A={m e N |m <10 and m is odd}, then |A| = 5.
o [0] =0, {0} =1, {{03} = 1. {0,{0}, {{0}}}| = 3.

o N, Z, Q, R, C are examples of infinite sets.
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Set Equivalence

Definition
Two sets A and B are equivalent, denoted by A ~ B, if they have same
cardinality. If A and B are finite, then A ~ B if |A| = |B|.

Example

The sets A = {1,2,3,4} and B = {2,4,6, 8} satisfy A # B but A ~ B because
|A| = |B| = 4.
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

o P ({av b}) = {wv {CL} ) {b} ’ {a7 b}}
e P({0,1,2}) ={
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

o P ({av b}) = {wv {CL} ) {b} ’ {a7 b}}
o P ({07 1, 2}) = {@,
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

o P ({av b}) = {@, {a} ) {b} ) {a7 b}}
o P ({07 1, 2}) = {Q)v {O} ) {1} ) {2} )
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

o P ({avb}) = {@, {a} ) {b} ) {a7b}}'
o P ({0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2}, {1, 2},
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example
o P ({avb}) = {@, {a} ) {b} ) {a7b}}'
o P({0,1,2}) = {0, {0}, {1}, {2}, {0,1},{0,2},{1,2}, {0,1,2}}.
o P(0)={

~—
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Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example
o P ({a,b}) = {0,{a},{b},{a,b}}.
o P({0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2},{1,2}, {0,1,2}}.
o P(0)= {V)}
o P({0})=A{
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Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example
o P ({a,b}) = {0,{a},{b},{a,b}}.
o P({0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2},{1,2}, {0,1,2}}.
o P(0)= {V)}
o P ({0}) = {0,
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Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

{av b}) = {@, {a} ) {b} ) {a7 b}}

0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2} ,{1,2}, {0,1,2}}.
= {0}

1 =A{0, {0}}.

{0} ={

e 6 6 o o

P
P
P(0)
P ({0
P ({0
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

{av b}) = {@, {a} ) {b} ) {a7 b}}

0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2} ,{1,2}, {0,1,2}}.
= {0}

1 =A{0, {0}}.

{0}}) = {0,

e 6 6 o o

P
P
P(0)
P ({0
P ({0
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

{av b}) = {@, {a} ) {b} ) {a7 b}}

0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2} ,{1,2}, {0,1,2}}.
= {0}

1 =A{0, {0}}.

{0}}) = {0, {03,

e 6 6 o o

P
P
P(0)
P ({0
P ({0
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

{av b}) = {@, {a} ) {b} ) {a7 b}}

0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2} ,{1,2}, {0,1,2}}.
= {0}

1 =A{0, {0}}.

{0}}) = {0, {0}, {{0}},

e 6 6 o o

P
P
P(0)
P ({0
P ({0
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Cardinality of Finite Sets and Power Set

Power Set

Definition
Let A be a set. The power set of A is the set of all subsets of A. The power set
of A is denoted by 24, P (A), or o (A).

Example

{av b}) = {@, {a} ) {b} ) {a7 b}}

0,1,2}) = {0, {0}, {1},{2}, {0,1},{0,2} ,{1,2}, {0,1,2}}.
= {0}

1 =A{0, {0}}.

{03} = {0, {0}, {{0}}, {0,{0}}}.

e 6 6 o o

P
P
P(0)
P ({0
P ({0
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Cardinality of Finite Sets and Power Set

Theorem
If Ais aset and |[A| =n, then [P (4)| = [24| =2".

Proof

The proof can be derived using mathematical induction and is left for the reader
as an exercise.
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